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SUMMARY
T his thesis concen tra tes on the non linear fin ite  e lem en t m odelling of two 
dim ensional re inforced  concrete  structures including bond— slip effects. It deals with 
th ree  aspects of the num erical com putation , i. e . m odelling techniques, m aterial 
behaviour and  solution techniques.
T he  m odelling techniques concerned  the  re in fo rcem en t and  bond—slip. Two 
em bedded re in fo rcem ent form ulations and one em bedded  bond— slip m odel have been 
developed and im plem ented , leading to a general m odel for em bedded  rein fo rcem ent 
including bond— slip effects. An autom atic m esh genera tion  schem e fo r both  concrete 
and em bedded  steel bar has been im plem ented  in con junction  w ith the proposed 
m odels.
F or the  m aterial behaviour of structu ral concre te , the study reviews concrete , 
bond— slip and reinforcing steel p roperties. Particu lar a tten tio n  is given to the 
bond—slip m echanism  and  its experim ental observation . T ension—stiffening and shear 
re ten tion  a re  also studied along with cracking m echanism . C oncre te  behaviour is 
review ed, including failure rules and constitutive rela tionsh ips. T h e  constitutive
relationships used in this study are  sum m arized.
T he cracking behaviour is m odelled using sm eared approx im ations. Particularly,
fixed cracking m odel, stra in— decom posed cracking m odel and swing cracking m odel 
have been exam ined and  com pared.
T he non linear solution techniques used in this study are m odified N ew ton— Raphson 
and arc— length procedures along with a line search schem e.
A stock of num erical exam ples are p resen ted , including studies on both
fundam ental issues in the m odelling techniques, and application  to practical
—^viii—
engineering structures.
In this study, it has been shown th a t fin ite  e lem en t rep resen ta tio n  of structural 
concrete  has becom e sophisticated . N ot only  can  the  re in fo rcem en t be m odelled 
properly  by using em bedded isoparam etric  re in fo rced  concre te  elem ents including 
bond— slip effects, but also the m ateria l behav iour can  be traced  properly , usually 
w ithout g rea t difficulty. T he  results p resen ted  in this study have com pared  
satisfactorily  w ith the experim ental results and  suggest th a t the proposed  m odelling 
are  successful.
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CHAPTER ONE 
INTRODUCTION
1.1 Preamble
In the  n in e teen th  cen tu ry , silicate cem ent cam e out as a g rea t developm ent in 
civil engineering prac tice . It was im m ediately used to  p roduce  the  so— called 
"m an— m ade rock" toge ther with aggregate and  w ater in a p ro p e r ratio . T he 
"rock" was te rm ed  concre te  and  has been widely adop ted  in bo th  building and 
construction engineering , from  shells, slabs, beam s to dam s and  ro ad /riv e r bridges.
T he  m echanical p roperties of concrete  are sim ilar to rock. It can  be subjected  
to high pressure but little tension because the adhesive capability  of cem ent is not 
large. C oncre te  is hence m ainly used in com pressive s tructu ra l regions. If it is 
used in tension or flexible regions, a quite large cross— section has to be chosen. 
A lternatively, steel bars/cables are  added in the regions of the  struc tu re  to resist 
tension deform ation  and give several advantages. Particularly
1. C oncrete provides adhesion and m echanical resistance, and  preven ts the  steel 
from  slipping. T he steel is able to carry tension forces tran sferred  to it by 
shearing m echanism s betw een the concrete and reinforcem ent.
2. Since reinforcing steel is buried inside the concre te , it will no t be corroded 
and effected  by environm ental incursion.
3. Steel bars can resist high tensile stress, which greatly  im proves the reinforced 
concrete m em bers ' loading—carrying capability.
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4. C oncrete  and  steel have alm ost the  sam e tem p era tu re  coeffic ien t o f expansion
(steel: 1.2 x 10“  5/° C , concre te : 1.0 to 1.5 x 10“  5/° C ) . W hen a structural
m em ber is subjected  to  tem p era tu re  change, th e re  will be no in te rn a l stress 
crea ted  due to the restriction  betw een the com bined m ateria ls. N either will the
m echanism  betw een them  be destroyed.
5. Due to the close cooperation  betw een these two m ateria ls and  the wide
application  of reinforced concrete  structures, it has becom e im p o rtan t to 
understand the m echanical behaviour of such m aterial w hen it is sub jec ted  to 
ex ternal loading as an  engineering structu re . This has been carried  ou t both 
experim entally  and theoretically . F o r theore tica l study, principles o f m echanics
have been applied in the analysis of re in fo rced  concre te  struc tu res by assuming
th a t the m aterial is continuous, hom ogenous and isotropic. T he  theories of
elasticity based on these assum ptions have been  accepted  in engineering  design 
and are still adopted in cu rren t design for usual structures.
H ow ever, if the m echanism  of re inforced  concrete  is required  to be studied in
detail, or if the structure is large, a m ore com prehensive app ro ach  m ust be 
adopted . T his is now possible due to recent num erical approxim ation  
developm ents. Especially due to the appearance  of supercom puters, very detailed 
calculations can be carried  out. Am ong these num erical m ethods, the finite 
elem ent m ethod has received a great deal of a tten tion  and  has gained a 
prom inent niche since the m iddle of the presen t century.
In a general sense, the objective of an analysis using this m ethod  is: given the 
jo in t loading, the geom etry of the structure  (location of the jo ints) and the 
m aterial p roperties; find the resulting jo in t d isplacem ents, and the in ternal strains, 
stresses and o ther responses in the structural elem ent. T he basic procedure for 
the finite e lem ent m ethod is now well established and is given in A ppendix  I for
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completeness.
T his m ethod  was first applied to ae ronau tica l and  m arine s tructu ra l analysis, 
while app lica tion  to re inforced concre te  struc tu res was la ter. T his was because the 
form er structu res are m ore readily assum ed to be hom ogenous, isotropic and 
continuous, while the la tte r structures are  an iso trop ic  with com plex p roperties.
For p articu la r situations, the reinforced  concre te  struc tu re  can be rep resen ted  by 
large struc tu ra l elem ents such as beam s, colum ns or panel type elem ents taken 
from  an assum ed rigid fram e structu re  if the  analytical objective is global as 
shown in F ig .1.1 (a) and (b). W hen a regional o r local analysis is needed the 
s tructure  will then  be discretized as a p lane stress, plane stra in , plate bending, 
shell, axisym m etric solid or th ree dim ensional solid system (see F ig .1.1 (c to g)).
E arly  application  of finite e lem ent m ethods to re inforced  concrete  structures 
was carried  ou t by the Berkeley group during  the 1950's and early 1960's in the 
analysis of large mass concrete dam s designed and  built in N orth  A m erica (see 
[Scordelis 1985]). In their analysis, cracking, tim e dependen t, therm al and 
sequence of construction  effects w ere traced  in the analysis of these plain 
concrete structures. T he earliest published rep o rt on the analysis of reinforced 
concrete was in M arch 1967 by Ngo and S cordelist^S 0 an ^ Scordelis 1967] T hey 
analysed a beam  as a plane stress problem . C racking were represen ted  by sets of 
predefined "discrete cracks". C oncrete and re in fo rcem ent were m odelled separately  
by two— dim ensional triangular elem ents and  axial bar elem ents. Special linkage 
elem ents w ere used to connect concrete  and reinforcem ent. T his typical 
discretisation of a reinforced concrete system  is shown in F ig .1.2. T he stress 
concentration  at the tip of the cracks was no t considered in the analysis.
From  th ere  on , it has been clear th a t w hen a re inforced concrete  structure is
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analysed, th re e  aspects need  to  be considered , i. e . co n c re te , re in fo rcem en t and 
the in terface  betw een them .
F or co n cre te , the standard  finite e lem ent p rocedure  can  be followed assuming 
that the m ateria l is hom ogeneous, continuous and  iso tropic w ithin the elem ent. 
C om prehensive theories are  sum m arized by various researchers, e. g. [Z ienkiew icz 
1981 and  B athe 1982]. D ifferen t types of e lem ent can be chosen (e. g. 
isoparam etric  triangu lar elem ents and quadrila teral e lem ents). H ow ever, the 
investigation of the m aterial p roperties of structu ral concre te  is still incom plete. In 
particu lar, m ore experim ental investigation of concre te  p rop erties  with reference  to 
the re in fo rcem en t influence is still needed  for analytical requirem ents. A
system atic descrip tion  of the m aterial p roperties of s truc tu ra l concre te  can be 
found in [C hen  1982].
W hile concre te  can be m odelled by any ap p ro p ria te  e lem ent in the usual 
m anner the rep resen ta tion  for re inforcem ent is o ften  cum bersom e. T h e  difficulty 
arises from  the  fact tha t the reinforcem ent behaves quite d ifferen tly  from  the 
concrete and  m akes the structure non— hom ogeneous and  n o n — isotropic. To date , 
th ree types of re in fo rcem ent approach  have been developed and  adopted  in
reinforced concre te  structure analysis. T hese are distributed  m odels, discrete
models and em bedded  models.
In the d istribu ted  represen tation  of re in fo rcem ent, the steel is assum ed to be 
sm eared over the concrete  elem ent with reference  to the  steel b a rs ' angle. The 
steel is expected  to resist stress in the original d irection  of the bar. In this 
rep resen tation , perfec t bond between concrete and  re in fo rcem en t m ust be assum ed. 
The steel is m odelled by evaluating a concre te— re in fo rcem ent constitutive 
relationship coupled with the concrete elem ent ones, and by assum ing that the 
steel has the  sam e displacem ent fields as those of concrete .
Chapter One - 5 -
T he discrete rep resen ta tion  has the form  of e ith e r  b ar e lem ents o r beam  
elem ents. B ond effects can be take into account by adding som e artificial 
interface o r linkage elem ents along the concre te— steel in te rface . T his however
significantly increases the com putational effort.
T he em bedded m odelling of re inforcem ent is usually used in con junction  with 
h igher o rd er isoparam etric  concrete  elem ents. T he re in fo rcem en t bar is considered 
to be an  uniaxial m em ber built into the p a ren t concre te  e lem en t. T his approach  
places less restric tion  on the layout of re in fo rcem ent and  the  com putational cost 
will no t increase m uch since the stiffness m atrix  of the  re in fo rcem en t is assem bled 
into the global system  at e lem ent level together w ith the  concre te  stiffnesses.
How ever, in m ost m odels of this type perfec t bond is assum ed.
T he in terface betw een concrete  and reinforcing steel is characterised  by a
com plex m echanism . This aspect, along with the concre te  cracking behaviour,
contributes significantly to the nonlinearity  of re in fo rced  co n cre te  structures and 
hence has been the subject of various research  studies in the  finite elem ent 
modelling of reinforced concrete .
T here  are two m ain types of in terface elem ents. O ne  is the  lum ped interface 
elem ent and the o ther is the continuous in terface e lem ent. B oth of them  are used 
only with the discrete re inforcem ent rep resen ta tion . T hey  a re  hence applicable but 
not sufficient.
W hen cracking occurs in a reinforced concrete  s truc tu re , the  behaviour becomes 
highly nonlinear. H ence the m odelling of cracking behaviour has received much 
atten tion . U p to now, various sim ulation techniques have been developed to 
approxim ate cracking in a structure. T hese are discrete cracking m odels and
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sm eared cracking m odels. T h e  first one is used w hen th e re  exist som e dom inan t 
cracks know n in advance. T he  m ain draw backs are  th a t it suffers from  a 
continuous change in nodal connection  and the  crack  is constra ined  to  follow a 
p redefined path  only. T his la tte r ob jec tion  does no t fit the  na tu re  of concrete  
behaviour.
T he second approach  is widely used and  has developed into fixed and  swinging 
subtypes. T h e  fixed crack  m odel assum es o rtho tropy  of the m ateria l after 
cracking, w hich is not true  in som e situations, especially w here the  re in fo rcem en t 
is arranged  in a skew d irection . In o rd er to overcom e this conflict, a strain  
decom posed app roach  has been proposed. H ow ever, the p rocedure  is com plex. 
T he swinging crack allows for changes in the crack direction . T his fits the  nature  
of the cracking m echanism  but confuses the crack  p a tte rn  in the  loading process.
A fter the in itiation of a crack, aggregate in terlock, dowel action  and  bond— slip 
m echanism s contribu te  a lot to the nonlinearity  of the struc tu re . Even concrete  
alone exhibits significant nonlinear stress— strain p roperty . T here fo re , in o rd er to 
closely trace  the loading response of a struc tu re , a com prehensive nonlinear 
solution schem e is needed.
Up to d ate , various techniques have been proposed. T he com m only used 
N ewton— R aphson m ethod is easy to im plem ent into a program  but is less 
effective in critical—stages. W hen th ere  is snap through or snap back phenom ena, 
the m ethod m eets particu lar difficulty. R ecently , im provem ents have been m ade in 
this area, the a rc— length m ethod in particu lar has given effective perfo rm ance.
This thesis is generally concerned  with the m odelling of two dim ensional 
reinforced concrete  structures including bond— slip effects. It deals with three 
aspects of the num erical com putation , i. e. m odelling techniques, m aterial
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behaviour an d  solution techniques. Particu lar a tten tio n  is given to  the  im provem ent 
of em bedded  rein fo rcem ent bar m odelling. T h is is because previous em bedded  bar 
m odels still place restrictions on the layout of steel bars as well as assum ing 
perfect bond . O n the o ther hand , the  em bedded  bar ap p ro ach  has advantages 
over o th e r  re inforcem ent representations (d iscrete  and sm eared) in the construction  
of finite e lem ent m esh as well as the com puta tion  effo rt. T hese becom e evidently 
true w hen a structure with curved re in fo rcem en t o r prestressing tendons needs to 
be analysed. In fact, ever since the em bedded  bar fo rm ulation  was 
p r o p o s e d ! anc* Zienkiewicz 1976]^ a general em bedded  bar m odel including 
bond— slip effects has been a potentially  pow erful developm ent.
1 .2  Scope an d  Aims
In th is study, a tten tion  is paid to the following aspects o f re inforced  concrete  
m odelling by finite elem ent m ethods:
1) To elim inate the restrictions on the em bedded bar m odel and  develop a 
general em bedded  bar form ulation which can be applied  to p lane structu re  
analysis.
2) To develop a general bond— slip m odel to be used in con junction  with 
em bedded re in fo rcem ent bars within a concrete  elem ent.
3) To study b o n d -s l ip  relationships, and to select a p ro p er constitutive relation  
for use in bond— slip modelling.
4) To im plem ent strain  decom posed crack m odels and  swinging crack m odels, and 
com pare them  with the fixed crack approach .
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5) To implement advanced nonlinear solution technique in order to trace post
cracking behaviour properly .
6) T o  develop a m ethod  for autom atically  genera ting  an  em bedded  rein fo rcem ent 
mesh independen t of the finite elem ent m esh in o rd e r to define the geom etry and 
m aterial p roperties for each bar elem ent in each  concre te  e lem ent.
7) To exam ine the im plem ented m odelling techniques, by analysing a stock of 
num erical exam ples. Fundam ental behaviour is studied by analysing a variety of 
reinforced concre te  panels under d ifferen t stress sta tes and  specim ens of 
bond— slip tests. P erfo ra ted  deep  beam s and  beam — colum n junctions are also 
analysed as exam ples of m ore com plex engineering structu res.
1.3 Layout o f Thesis
A lite ra tu re  review  on the finite e lem ent m odelling of structu ral concrete is 
given in C h ap te r two including failure rules and constitu tive relationships of 
concrete. T h e  constitutive relationships used in this study are  sum m arized at the 
end of the  chap te r.
C hapter th ree  studies the finite e lem ent discretisation  of re inforcem ent. The 
m aterial p roperties of structural reinforcing steel are  also given. A ttention is 
focused on the em bedded reinforcem ent m odelling techniques. Two new models 
have been developed in this chap ter for rep resen ting  steel bars w ithin a concrete 
elem ent.
C hapter four deals with cracking behaviour and cracking sim ulation. In 
particular, the  fixed crack and swinging crack m odels are  studied. T he m echanical 
characteristics of these cracking models are also discussed.
Chapter One - 9 -
C h ap te r five focuses on  bond— slip behaviour and  sim ulation techniques. 
Bond— slip m echanism s and  bond stress— slip re la tionsh ips are  studied. T he 
discretised m odelling of bond— slip behaviour is review ed. A  general em bedded 
bond elem ent is p resen ted  at the end of the chap ter.
In C h ap ter six, non linear solution techniques are  studied . A tten tion  is paid to 
arc— length procedures and line search schem es.
Having presen ted  the finite e lem ent m odelling, C h ap te r seven and  eight then  
lead on to num erical studies of fundam ental m odelling problem s and  application to 
some engineering structures.
Finally, in C h ap ter nine conclusions have been brought together. Suggestions for 
fu rther research  are  also p resen ted .
(a)  Planar  Rigid Frame (b) T h r e e - D i m e n s i o n a l  R igid  Frame
(c) Deep Beam
(d) Shear Wail
(e) F la t  Slab
(£) Thin S h e l l
(g) Three-Dimens
Fig.1.1 Typical Structural Elements
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C oncrete
E lem en t
C o n cre te  
B eam  —
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Links.
S te e l R ein fo rcem en t
-T rianguiar S tee l E lem en t
(a) Original Analytical Model of a Beam
Crack
■Concrete
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■Modified
C oncrete
Steel
(A) AAA iyt lCAl (b)  L i n k t q c  i l t B t n t
S firruoj ‘
” Steel
^ R ein fo rcem en t
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c)  R a i n f o r c c M n t  r « p r e « « n c j c r o n
Crack
| t  t  f
\ N \ l  f  1 ^
■ r ^ r r r
I
— t — i
- L
Links.
Concrete — /
Steel 
Reinf. a
Links1
(d) C r i c k  «nd  * q q r « q i c «  
i n t e r l o c k
-1 H“ Z?ro Separation 
E ffec tiv e  [
Dowel Lengm
( • )  E f f e c t i v e  do w « i  l « n q t n
(b) Analytical M odels and Linkage E lem ents
F ig .1.2 A Typical F inite E lem ent D iscretisation of RC S tructures 
(Ngo and Scordelis 1967)
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C H A P T E R  T W O  
R E V IE W  O F  C O N C R E T E  B E H A V IO U R  
A N D  ITS M O D E L L IN G  
2.1 In troduc tion
This C h ap ter contains a brief review  of plain  concre te  m ateria l behaviour and 
its m odelling under m ultiaxial states of stress. Failure c rite ria  and  constitutive 
relationships under predom inantly  com pressive stress states will be described in 
fairly general term s since this was no t an  im po rtan t aspect o f this study. 
Cracking, how ever, will be dealt with separately  in the  nex t C h ap te r because this 
was of m ajo r in terest.
The m ain features of the m ultiaxial constitutive m odel and  com pressive failure 
criteria adop ted  in this study are  explained. T his m odel is stra igh tforw ard  and 
convenient to use and was selected because it cap tures the  essential aspects of 
com pressive nonlinear behaviour sufficient for the purpose of this investigation.
2.2  C oncre te  B ehaviour
It has been generally observed th a t concrete can behave as e ith er a linear or a 
nonlinear m aterial depending on the level and the nature  of the stress conditions 
to which it is subjected . U nder low levels o f stress, concrete  behaves as a linear 
elastic m aterial. F or h igher values of stress and for sustained loading it exhibits 
highly nonlinear p roperties, which have a considerable effect on the behaviour of 
reinforced concrete structures. U nder m ultiaxial loading, concre te  shows strength 
and stiffness properties quite d ifferent from  those displayed under uniaxial loading 
conditions.
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2.2.1 Uniaxial
A  typical com plete stress— stra in  rela tionsh ip  under mo no tonic uniaxial
com pressive load is shown in F ig .2 .1 . Up to about 30% of its uniaxial
com pressive strength  f<!, concrete  behaves as a linear elastic m ateria l. F or stresses 
above 0.3f<l, concrete  begins to soften until it reaches the peak  stress. T h e  curve 
shows a gradual increase in curvature  up to about 0.75f<! to 0.9f(!, w hereupon it 
bends m ore sharply. C oncrete m icroscopic cracks (o r m icrocracks) begin to form
at the m o rta r— coarse aggregate in terface. A t about 0.7f^ m icrocracks begin to 
propagate through the m ortar. T he onset o f m o rta r cracking occurs a t the
"discontinuity  stress••[Newman 1968] an£j coincides with an  increase in the
Poisson 's ratio  of concrete . Beyond the peak po in t, dam age continues to 
accum ulate and concrete  follows a descending curve, i. e. a region m arked by the 
appearance  of m acroscopic cracks. Finally th e  concrete  crushes a t an  ultim ate
strain eu .
T he volum etric strain  e ,, =  e 1 e 2 "t_ e 3 *s p lo tted  against stress in
Fig.2 .1(b). T he volume change is alm ost linear up to about 0.75f(! to 0.9f(!. At
this point the d irection of the volum e change is reversed resulting in a volum etric
expansion near o r a t f<!. T he stress a t this point is term ed the critical
stress[R ichart e t al 1929]
The shape of the stress— strain curves in F ig .2.1 are  closely associated with the 
m echanism  of in ternal progressive m icrocracking. F or a stress in the region up to 
about 0 .3 fc the m icro cracks existing in concrete  before loading rem ain 
unchanged. This indicates that the available internal energy is less than  the 
energy required  to create new m icrocrack surfaces. T he stress level of about 0.3f<! 
has been term ed  "onset of localized cracking" and has been proposed as a limit
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of e la s tic ity [K o tso v o s  an<* Newman 1977],
F or a stress betw een 0.3f(! to O.Sfj!, the  bond cracks s ta rt to  ex tend  due to
stress concen tra tions a t the  crack tips. M ortar cracks rem ains negligible until a 
later stress stage. For this stress range, the available in ternal energy is
approxim ately  balanced by the required crack— release energy. A t this stage, crack 
propagation  is stable in the sense th a t crack  lengths rapidly  reach  the ir final 
values if the  applied  stress is kept constant.
W hen the  stress ranges from  0.5f^ to 0 .7 5 ^ , som e cracks a t nearby  aggregate
surfaces s ta rt to bridge in the form  of m o rta r cracks. A t the  sam e tim e o ther
bond cracks continue to grow slowly. If the load is kep t constan t, the cracks
continue to  propagate  with a decreasing ra te  to the ir final lengths. For
com pressive stresses above about 0 .7 5 ^ , the largest cracks reach  the ir critical 
lengths. T h e  available in ternal energy is now larger than  the required 
crack— release energy. T hus, the rate of crack  propagation  increases and the 
system is unstable, since com plete disruption can occur even if the load is kept
constant. T h e  stress level of 0 .7 5 ^  is term ed "onset of unstable fracture 
propagation  o r critical stress" because it corresponds to the m inim um  value of 
volum etric stra in .
If concre te  undergoes cyclic com pressive loading, it exhibits som e nonlinearities 
at stress above 0 .6 ^ .  It degrades in both stiffness and  s t r e n g t h !  Karsan anc* Jirsa
1969, Sinha e t al 1964] (see F ig .2.2). If reloading takes p lace, a small 
characteristic  hysteresis loop is form ed. O n the average, the unloading— reloading 
curve is alm ost parallel to the initial tangent of the  initial curve. H ow ever, for 
unloading from  stresses about 0.75fc , the unloading— reloading curves show strong 
nonlinearities, and a significant degradation of stiffness can also be observed. 
Reloading shows th a t the m aterial stiffness p roperties have changed drastically.
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E xperim ental work also indicates th a t the  m onotonic  un iax ial stress— stra in  curve 
serves as a reasonable envelope for the  peak  values of stress fo r concrete  under 
cyclic loading. T he area  enclosed by each unloading— reload ing  curve represents 
the energy dissipated during th a t cycle.
2.2.2 Biaxial
Early a ttem p ts on tests of concrete  under biaxial loading was focused on the 
strength of concre te . L ater, experim ental work tu rn ed  to study strength , 
deform ation characteristics and m icrocracking behaviour. C om prehensive reviews 
were given by NeilissentNeilissen 1972] ancj T asu ji e t a llT asu ji e t al 1978] ancj th e 
state—of—the—a rt by Nilson and others[N ilsonl982]
T he typical experim ental stress— strain curves fo r concre te  under biaxial 
com pression, com bined tension and com pression, and  biaxial tension  a re  shown in 
F ig .2.3 to 2 .5 . F rom  these curves, the following characteristics can be seen.
1. the m axim um  com pressive strength increases for the biaxial— com pression state. 
A m axim um  strength  increase of approxim ately 25% is achieved at a stress ratio 
of cr2l ( J y ~  0 .5 , reducing to about 16% a t equal biaxial com pression state. 
U nder biaxial com pression— tension, the com pressive streng th  decreases alm ost 
linearly as the applied tensile stress is increased. U nder biaxial tension, the 
strength is alm ost the sam e as that of uniaxial tensile streng th .
2. C oncrete ductility under biaxial stresses has d ifferen t values depending on 
w hether the stress states are com pressive o r tensile. F o r uniaxial and biaxial 
com pression, the average m axim um  com pressive m icrostrain  is about 3000 and the 
average m axim um  tensile m icrostrain varies from  approxim ately  2000 to 4000. The 
tensile ductility is g rea ter under biaxial com pression than  under uniaxial
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com pression. In  biaxial com pression— tension , the  m agnitude a t fa ilu re  o f bo th  the 
principal com pressive stra in  and the  principal tensile stra in  decreases as the  tensile 
stress increases. In uniaxial and  biaxial tension, the  average value of the 
m axim um  principal tensile m icrostrain  is about 80. A lthough the  existence of a
descending branch under biaxial stress states has no t generally  been  observed, by 
using a constan t ra te  of strain ing, NelissentN elissen 1972] was a bje t0 achieve the 
descending portions of stress— strain  curves in biaxial— loading tests.
3. As the failure po in t is app roached , an  increase in volum e occurs as the 
com pressive stress continues to increase as shown in F ig .2 .6 . T his inelastic volume 
increase te rm ed  "dilatancy" is usually a ttribu ted  to progressive grow th of m ajo r 
m icrocracks in concrete .
4. Failure of concrete  occurs by tensile splitting with the  frac tu red  surface 
orthogonal to  the d irection  of the  m axim um  tensile stress o r stra in . T ensile strains 
are of crucial im portance in the  failure criterion  and  failure m echanism  of 
concrete. Failure m odes of biaxially loaded concrete  are  shown in F ig .2.7.
5. T he m axim um  strength  envelope seem s to be largely independen t of the load 
path[N elissen 1972] although there  is som e indication tha t nonproportional loading 
produces a lower strength  than  proportional loading for lightw eight co n cre te [T aylor 
et al 1972] For p roportional loading, the failure of concre te  under all 
com binations of biaxial loading appears to be based on a m axim um  tensile— strain 
criterion!N ew m an 1968 and T asuji e t al 1978]
2.2 .3  T riax ia l
As shown in F ig .2.8 , concrete  can act as a quasi—brittle , plastic—softening or 
plastic— hardening  m aterial under triaxial loading. This is because the  possibility of
Review o f  F i n i t e  Element M ode ll ing  o f  S t r u c tu r a l  Concrete - 1 5 -
bond cracking is greatly  reduced and  the failu re  m ode shifts from  cleavage to
crushing o f cem ent paste. F ig .2.8 and  F ig .2 .9  show  th a t the  axial s trength
increases w ith increasing confining pressure. U nder very high confin ing stresses, 
extrem ely  high strengths have been recorded  (see F ig .2 .9 ).
C on trary  to popular belief, concrete shows non linear stress— stra in  behaviour 
under hydrostatic com pressive loading. T he hydrostatic pressure versus volum etric
strain  curve in F ig .2.10 shows a reversal in cu rvatu re  on  loading. O n  unloading, 
the slope is alm ost constant and is very close to the slope during in itial loading, 
except fo r a sharp  tail in the low— stress range, which is sim ilar to  th a t of the 
uniaxial case (F ig .2.2). Analysis of test da ta  by Kotsovos and  N ew m an (1977) 
indicates th a t when it is subjected  to a constan t hydrostatic stress (o r constan t
<roct) and  an  increasing shear o r deviatoric stress (o r r oct), concre te  undergoes 
not only octahedral shear stra in  7 0ct bu t also consolidation  in th e  form  of 
com pressive octahedral norm al strain  eoc .^
U nder triaxial loading, experim ents indicate th a t concre te  has a fairly consistent 
failure surface which is a function of the  th ree  principal stresses. If isotropy is 
assum ed, the elastic limit (onset of crack propagation), onset o f unstable crack
propagation , and the failure lim it can all be rep resen ted  as surfaces in
th re e -d im e n s io n a l principal stress space. F igs.2.11 and 2.12 shows system atically 
the elastic— lim it surface and failure. F or large hydrostatic com pressions (along the 
cr1= a 2= c r  3 axis), the deviatoric sections (planes perpend icu lar to the axis 
<J1= o '2= c r 3) of the failure surface are m ore or less circu lar, which indicates tha t 
the failure in this region is independent of the th ird  stress invariant. F or sm aller 
hydrostatic pressures, these deviatoric cross sections are curved but m ore triangular 
in shape with 3 -  way sym m etry about the principal axes. T he failure surface can
be represen ted  by three stress invariants. W ithin the presen t limits of reported
experim ental work, this failure surface appears to be independen t of load
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path[Gerstle et al 1978 and Kotsovos 1979],
2.3 Failure Criteria
In defining failure for concrete  under com bined states of stress, c riteria  such as 
yielding, load— capacity , in itiation of crack  and  ex ten t o f defo rm ation  have been 
used. In this study, failure is rep resen ted  by the stress an d /o r stra in  states at 
which concre te  canno t m aintain  its load carry ing  capacity . Increasing increm ents of 
strain  result in a decrease in the stress carried  by the concre te  a fte r peak  stress.
In genera l, the  failure of concrete  can  be divided into two types:
cleavage— type tensile failure and shear— type com pressive failure. These are 
characterized  by brittleness and ductility, respectively. T ensile  types of failure are 
caused by the form ation of m ajor cracks and the  concre te  loses its tensile
strength norm al to the d irection  of the crack. Com pressive failure occurs when 
many sm all cracks develop with a loss in streng th  of concre te  in all directions. 
Tensile failure criteria  will be discussed in the  next C h ap ter on cracking.
U nder m ultiaxial com pression, two types of peak stress failure criteria  have
been widely accep ted : i) M ohr's theory  and ii) octahedral shearing stress theory.
M ohr's theory  is based on the concept th a t failure takes place as sliding along 
planes of least resistance. T he theory  states th a t the shearing stress r n on the
most vulnerable plane is a function of the norm al stress crn  on this plane at 
failure, i.e .
r n  ^ f ( 2. 1)
It is illustrated in F ig .2 .13(a). This is expressed in term s of principal stresses as
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( 0 - ,  -  (T 3 ) > f  ( 0 - , +  O’ 3  ) ( 2 . 2 )
where it is ap p a ren t th a t the  failure criteria  is ind ep en d en t o f the  in term ediate  
principal stress cr2. This fu rther implies th a t the biaxial s treng th  equals the 
uniaxial s treng th . M oreover, this theory  assum es th a t th e re  is a unique failure 
envelope fo r any m ateria l. T hese points conflict with experim en ta l evidence. 
H ow ever, th e  e rro r  is no t great and the theory  is quite  com m only  accepted . 
Several works!Cow an 1953, G oode and H elm y 1967] have been  used to support 
M ohr's theory .
T he m ost com m on form  of M ohr's  theory  is C oulom b 's in ternal friction  theory . 
It approxim ates eq .(2 .1 ) by a straight line. Failure is assum ed to  occur w hen the 
shear stress on  the failure plane exceeds the sum  of a constan t shearing strength , 
term ed cohesion , and  a frictional resistance which is p roportiona l to  the  norm al 
stress on the p lane, i. e.
where c is the cohesion factor, and y? is the angle o f in ternal friction , and
tension is positive. F ig .2 .13(b) illustrates this law.
In F ig .2 .14 , the above law can be expressed in term s o f p rincipal stresses as
r n  )  c  -  <rn  t a n </? ( 2 . 3 )
( c r 1 <r3 ) )  2  c  c o s<p -  (<71 +  <r3 ) s i n i / ? ( 2 . 4 )
If the law is only applied in the pure com pressive zones i. e. I ,  < — f<l ( ^  is 
the first stress invariant, see A ppendix II), then  C oulom b 's failure surface is a 
right hexagonal pyram id with an axis o’1 =  a 2 =  a 3, truncated  a t the plane a ,
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+  cr2 +  a 3 =  — f<! in principal stress space. T h is is show n against a typical 
failure envelope in F ig .2.15, w here it can  seen th a t it u n d er—estim ates failure. A 
disadvantage of this law is th a t c and <p have to be estim ated  in som e m anner.
If failure is based on the octahedral shearing stress, r oct (see A ppendix  II) is 
a function of the octahedral norm al stress 0 o c t ^ reS e^ r anc* P*ste r 1958, Mills and 
Z im m erm an 1970]? such tha t
To c t   ^ ^ ( ^ o c t )  ( 2 . 5 )
G ood fits have been  found by assuming a linear re la tionsh ip . If th e  law  is only 
applicable in pure com pressive zones, the linear form  of th e  above equation is
given by
To c t  + n<ro c t  + c ) 0 ( 2 . 6 )
where n and c are  evaluated directly  from  a plo t o f r oc t against a oct of 
available test data.
A lternatively n and c can be determ ined  by substituting know n com pressive 
strength data in above equation (2 .6). As shown in F ig .2 .16 , for uniaxial 
com pressive tests:
<r1 -  a 2 =  0
- f
f c > 0
( 2 . 7 a )  
( 2 . 7 b )  
( 2 . 7 c )
for biaxial compressive tests:
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( 2 . 8 a )
( 2 . 8 b )
( 2 . 8 c )
which gives
J1.  (m—1) 0"oct J  2 m
( 2 . 9 a )
( 2 m - l ) 3 ( 2 m - l )
^ o c t   ^ - f c / 3 ( 2 . 9 b )
In p rincipal stress space, this equation  rep resen ts  a c ircu lar cone w ith axis cr,
intersects the  biaxial plane to give an ellipse which passes through the uniaxial 
and equal biaxial com pressive strength  points as shown in F ig .2.17. T he  ellipse is 
a very reasonable fit to the actual failure envelope.
H ow ever, there  are objections to the use of this theory . O ne is tha t it is 
apparen tly  insensitive to large changes in the th ird  principal stress, which can 
have significant influence on the m ode of behaviour. A nother is th a t d ifferen t 
relationships are obtained for biaxial com pressive stress states and triaxial 
com pressive states. To overcom e this la tte r objectiont® res e^ r an<  ^ Pister 1958]  ^
th ird  stress invariant, i. e.
can be included into the failure law, noticing 13 is equal to zero in biaxial 
situations.
a 2 ~  a 3 anc* truncated  a t the p lane cr1 +  cr2 +  a  3 ~  ~ * C ‘ T he  cone
( 2 . 1 0 )
T he octahedral shearing stress criteria  has been in te rp re ted  as a natural
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extension o f M o h r's  crite rion . O n  the o th e r h an d , as th e  o c tahed ra l quantities are  
d irectly  re la ted  to the  stress invariants, it is a particu la r case of the  general 
invariant law
f  ( I t , I 2 , I 3) > 0  ( 2 . 1 1 )
O n the  w hole, both octahedral theory  and  M o h r's  theory  approxim ately  agree 
with experim en ta l evidence, even though both  have various w eaknesses.
A part from  the sim ple models described above, th ere  a re  various m ore 
sophisticated ones. T he generalized D rucker— Prager surface proposed  by B resler 
and  Pister[® res e^ r anc* Pister 1958] assum es a parabolic re la tion  betw een r oct and 
croct and th e  deviatoric sections are independen t of 8 ( 9  is a angle of sim ilarity ), 
whilst W iliam  and W arnkelW illam  and W arnke 1975] usecj a linear r oct— (70ct 
relation  w ith deviatoric sections exhibiting 6 independence. O tto se n f^ tto se n  1975 
and 1977] proposed  a parabolic r oct— croct re la tion  and  6 dep en d en t surface. 
T hese refined  m odels contain all the stress invariants, reflect all the  required 
characteristics concerning sm oothness, convexity, sym m etry, curved m eridians and 
include the  sim ple models as special cases. T hey  hence give a closer estim ate of 
relevant experim enta l data. However they o ften  require m ore m ateria l param eters 
for the ir defin ition  which is a definite disadvantage in m any practical situations.
2 .4  C onstitu tive  R elationships
C onstitutive laws for concrete are the analytical form ulations to approxim ate 
num erically the  com plicated stress—strain behaviour of concrete . A  large num ber 
of num erical m odels have been developed and the literatu re  abounds with their 
descriptions. M ost of the constitutive m odels can be classified into one of the 
following m o d e ls l^ ^ son 1982]
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(a) E lasticity based m odels
(b) Plasticity based m odels
(c) Plastic— Fractu ring  m odels, and
(d) E ndochronic m odels
In the following, these m odels will be briefly described. T h e  m odel used in this 
study will th en  be explained in detail.
2.4.1 Elasticity Based Models
T he elasticity  based m odel is the sim plest one deduced  d irectly  by in tuition or 
approxim ate considerations which avoid the use of m ore sophisticated  concepts 
such as loading functions (surface), flow rules and  in trinsic tim e. T he  elasticity 
based m odels can be subdivided into uniaxial, biaxial and  triaxial m odels in term s 
of stress sta te  or subdivided into increm ental and  to tal stress— strain  m odels in 
term s of the constitutive relationships. T hese are  usually of the nonlinear elastic 
type and are  used prim arily  to rep resen t concrete  behaviour under m onotonic or 
proportional loading only. H ow ever, there  are som e uniaxial and  biaxial models 
developed to represen t the behaviour of concrete  under cyclic loading.
In general, two differen t approaches are em ployed:
i) F inite (o r total) description, and
ii) Increm ental (differential) description
The fo rm er is in the form  of secant stress— strain form ulation  while the latter 
is used in the form  of tangential stress— strain m odels. T hese are  usually in the 
form  of H ookean form ulation, i. e.
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M  -  [D] ( 0  <2 -12>
o r
{d<r> -  [D ]  {dc>  ( 2 . 1 3 )
where [ D  ] represen ts e ith er the secant o r tangentia l constitu tive m atrix . {<r} and 
{e}  are th e  stress and  stra in  vectors, respectively.
In the to tal (secant) stress— strain  m odels, the cu rren t sta te  of stress (cr) is
assum ed to  be uniquely determ ined  as a function  of the  cu rren t sta te  of strain
( e ) ,  o r vice versa. C learly , this behaviour descrip tion  is pa th —independen t, which 
is not tru e  in general for concre te . T hus, the application of such a m odel is
restricted to m onotonic or p roportional loading regim es, and  difficulty arises if it 
is ex tended  to  include general stress histories involving unloading. H ow ever, this
m odel has been  extensively utilized in describing the non linear deform ation  of 
concrete under biaxial and  triaxial com pressive stresses due to  its sim plicity. In 
general, m ost of the secant constitutive m odels for concrete  have been form ulated 
basically as a sim ple extension of isotropic linear elastic stress— strain  relations by 
replacing two constant m odulii (Y oung' m odulus E and Poisson 's ra tio  v , o r bulk 
modulus K and  shear m odulus G) with secant modulii (E s and i-s , o r Ks and 
Gs), which are  assum ed to be functions of the stress an d /o r stra in  invariants.
The increm ental elasticity based form ulations are hypoelastic, i. e. they can 
describe the path—dependen t stress—strain state. In this m ateria l m odel, the 
stress— strain  is re la ted  linearly by m aterial response m odulii given in term s of 
either {o'} o r { e}  or bo th , i. e. the tangential m aterial m atrix  [ D ]  depends on 
the curren t stress and /o r strain  state.
Due to the ir path— dependen t behaviour characteristic , increm ental (hypoelastic)
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m odels provide a m ore realistic descrip tion  fo r co n cre te  th an  the to tal 
stress— stra in  m odels. H ow ever, under general stress h istories involving reloading 
from  unloading, the form ulation  fails a t o r n ear neu tra l lo ad in g t^e lso n  an£* B aron 
1971]
V arious sim plified form s of the  tangential form ulations have been  used in the 
finite e lem en t analysis of concrete  m ateria l. In the sim plest one , the constitutive 
relations are  restricted  to be increm ental isotropic and  the  tangen tia l stiffness 
m atrix [ D ] is then  expressed in an isotropic form  in which the  tangen tia l modulii 
are taken  as functions of the stress and stra in  invariants.
2 .4 .2  P lastic ity  Based M odels
From  experim ental results, it is c lear th a t the  concre te  non linear deform ations 
are basically inelastic. U pon unloading, only a portion  of the  to ta l stra in  can be 
recovered. T he total strain  of concrete can  hence be separa ted  into recoverable 
and irrecoverable com ponents. Plasticity based m odels a ttem p t to trea t each 
com ponent individually. In general, m odels based on the theory  of plasticity 
describe concrete  as an elastic— perfectly  plastic m ateria l o r account for some 
hardening as an elasto— plastic hardening m ateria l. T he fo rm er assum es th a t under 
triaxial com pression, concrete can flow like a ductile m aterial on the yield or 
failure surface before reaching its crushing strains. A fter crushing, the  concrete  is 
assumed to lose its resistance com pletely against fu rther deform ations and the 
cu rren t stresses (upon crushing) decrease to zero . T he stress— strain  relationships 
include th ree  parts: i) before yielding; ii) during plastic flow; iii) a fte r crushing 
(failure).
For the elastic— perfectly  plastic m odels, the plastic stress— strain relations can 
be form ulated  by defining the yield condition th a t m arks the beginning of plastic
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flow and the failure condition that marks the beginning of crushing.
Elastic— plastic hardening m odels m ake use of the  stra in— hardening  theory  of 
plasticity in establishing the constitutive re lationsh ips for concretet® 11^ ^ 02 1^11" 1977, 
C hen 1981]. T he prim ary characteristic  of this m odel is the in troduction  of the 
pressure sensitivity of inelastic behaviour. T h e  initial discontinuity  surface is 
defined as the  lim iting surface for elastic and  is located  a t a certa in  distance 
from  the crushing (failure) surface.
T o form  constitutive relations for a stra in— harden ing  plastic m ateria l, th ree  
fundam ental assum ptions have to be m ade. T hese a re :
i) a shape of the initial yield surface,
ii) a subsequent loading surface (i. e. harden ing  ru le), and
iii) an  ap p ro p ria te  flow rule.
T he yield condition specifies the state of m ultiaxial stress corresponding to  the 
s tart of plastic flow. It is assum ed th a t yielding occurs only if the  stress { <j  } 
satisfies the  general yield criterion of the form :
F ( {cr} , k ) = 0 ( 2 . 1 4 )
where k is a hardening param eter.
D uring an  infinitesim al increm ent of stress, changes of stra in  a re  assum ed to be 
divisible into elastic recoverable and  plastic irrecoverab le  com ponents, thus:
( d e )  -  ( d f p )  + ( d f e ) ( 2 . 1 5 )
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A flow ru le  is assum ed to re la te  the  plastic s tra in  increm en ts {d ep }  to  the  
stress subsequent to  yielding through a plastic po ten tia l function  Q  ({<r}, k ) as 
follows:
{ d c p } = (dQ  /  a{ < 7 »  ( 2 . 1 6 )
T he elastic stra in  and  stress increm ents a re  re la ted  by th e  elasticity  m atrix  [ D  ]
( d e e )  -  [ D ] - 1 { d a }  ( 2 . 1 7 )
Substituting eqs.(2 .16) and (2.17) into eq .(2 .15 ), the to ta l increm enta l strains 
are given by
{ d e }  = [ D ] - 1 { d a }  + {3Q /  d{cr}} ( 2 . 1 8 )
W hen plastic yield is occurring, the stresses are  on  the  yield surface given by
eq.(2 .14). D ifferen tia ting  this equation gives:
dF = {dF /d{<r}}  (dcr) + 3 F /d k  dk  -  0 ( 2 . 1 9 )
The work hardening m aterial param eter k is taken to be rep resen ted  by the 
am ount of work done during plastic deform ation , thus:
d k  -  {ff)T { d e p > ( 2 . 2 0 )
The theory  of plasticity with an associated flow rule (F  =  Q )  has been used 
extensively in early  studies to describe the behaviour of concre te . C ervenka and 
G erstlet^ervenka anc* G erstle 1972] usecj Von—Mises crite rion  to study reinforced 
concrete panels, Suidan and ShnobrichtSuidan anc* Shnobrich  1973] used the same 
criterion for beam s.
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In the field of concrete  research  in re la tion  to  the  th eo ry  o f p lasticity , attem pts 
have been  m ade to a lter som e of the classical failu re theories such as 
Von— M ises, in o rder to  overcom e som e disadvantages o r o therw ise im prove their 
agreem ent with the phenom enological behaviour of concre te . N ew  failure theories 
were therefo re  developed with specific app lication  to concrete. 
B u y u k o z tu rk l^ y 1^ 02*111^  1977] generalized M ohr— C oulom b th eo ry  based on the 
biaxial experim ental data of K upfer et a l [^ uP^er et 1969] ancj Lm e t al et 
al 1972] H ow ever, the need for a non associated flow rule (F  * Q ) ,  i. e. 
form ulation  based on  the plastic potential function  Q , has been  dem onstra ted  by 
V erm eer and  de B o rs tI^erm eer anc* de Borst 1984] jn o rd e r to take in to  account 
the plastic deform ation in a d irection d ifferen t from  th a t o f loading. T he 
application of a non associated flow rule has been in troduced  by H an and 
C hen[H an and C hen 1986] which has succeeded in contro lling  the m ajor 
deviations observed in the volum etric strains using an  associated flow rule. 
Recently, Fam iyesin proposed a non—associated flow ru le, w hich was applied to 
m aterial and  geom etric nonlinear analysis[^am ^yes*n 1990] H ow ever, m uch m ore 
com putational effort is required due to the lack of sym m etry  in the  stiffness 
m atrices
2 .4 .3  P lastic— F rac tu ring  M odels
The study of A ndernaes[i^ n dernaes, G erstle and Ko 1977] Gn the post fracture 
behaviour of concrete  under biaxial com pression indicated th a t th e  norm ality  flow 
rule used for plastic flow of concrete is no t strictly observed in the case of 
fractured concrete . T he inelastic behaviour was a ttribu ted  to two sources: plastic 
slip and m icro cracking. This led to the developm ent of constitutive m odels based 
on the p la s tic -fra c tu r in g  theory[B azant and Kim 1979] jn con trast to plastic 
phenom ena characterized  in term s of loading surfaces th a t depend  on stresses,
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(c r), the  fracturing  phenom ena are  b e tte r described in term s o f loading surfaces 
or po ten tia l functions!D ougill 1975 and  1976] th a t depend  on  strains, {e} .  T hus, 
the plastic—fracturing  theory  requires two loading surfacestB azant and  Kim 1979]
F ( ( a ) , H) -  0 ( 2 . 2 1 )
$ ( { e } ,  H ' ) = 0 ( 2 . 2 2 )
w here, H  and  H ',  are  som e hardening and fracturing  param eters , respectively. 
T he functions F and  $  are  chosen to depend  on  the  first and  second invariants 
and take in to  account both  plastic and fracturing  deform ations. In  this theory  the 
increm ental stress—strain  relations a re  given by:
d{(7> -  [ D ]  d { e >  ( 2 . 2 3 a )
wh e r e
[ D ]  -  [ De l ] -  [ D P 1 ] -  [ D f r ] ( 2 . 2 3 b )
in which [ D e l ] is the  elastic stiffness m atrix , and [D P 1] and  [ D ^ r ], introduce 
the decrease is the stiffness [ D ] due to plastic strain  increm ents and fracturing 
stress decrem ents respectively. [ D ] is non— sym m etric and  generally  not 
o rtho tropic .
T he theory  com bines plastic stress increm ents and fracturing  stress decrem ents, 
which reflect m icrocracking and takes account of in ternal friction , inelastic 
dilatancy due to m icrocracking, strain  softening, degradation  of elastic m odulii, 
etc. T he m odel requires six inelastic m aterial param eters which have been 
obtained by Bazant and Kim by fitting a large set of various types of test data 
for concrete , available from  the literature.
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T he plastic fracturing  m odel was originally evolved fo r m odelling the  behaviour 
of m etals based on the m echanism s of plastic slip in crystals (and  dislocation 
theory). It is therefo re  less effective for describing concre te . A n advantage of this 
m odel is th a t it gives an  inelastic response for stress increm ents tangen t to the 
cu rren t loading surface, whereas the classical plasticity theo ry  gives a perfect 
elastic response for such stress increm ents, which is no t true  fo r concre te .
2.4.4 Endochronic Based Models
T he m odels described so far are increm entally  linear. T he  endochronic based 
models a re  n o t, which m akes little d ifference fo r p roportional loading, but a great 
d ifference fo r significantly nonproportional loading with ro tating  principal stress 
directions.
T he endochronic  based m odels!Bazant and B hat 1976] rep resen t a special type 
of viscoplasticity. T he m aterial behaviour is defined in term s of several internal 
state param eters . T he cen tral key in the endochronic  theory  is th a t the stress 
state is considered to be a function of the strain  ra te  and the strain  history, 
defined with respect to an intrinsic tim e m easure, which is an  in ternal state 
variable of the  m aterial. This intrinsic tim e is a non— decreasing scalar variable 
used to m easure the ex ten t of the irreversible dam age of the in ternal structure of 
the concrete  m aterial when subjected to deform ation  histories. A sim ple form  of 
the theory  was suggested by Schapery!^cliaPe ry 1968] ancj ia te r was called 
endochronic by V alanis!^alanls 1971].
The m ost extensive developm ents for concrete have been carried  out by Bazant 
and his coworkers!®azanl 1978 and 1980, B azant and Shieh 1980] w^ 0 extended
the theory , originally developed for m etals, to concre te . This extension com prises
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several im po rtan t non linear effects expressed analytically  w ith an  extensive set of 
functions w hich fit experim entally  observed behaviour of p la in  concre te ; inelastic 
volume dilatancy, strain  softening range, stra in  ra te  e ffec ts ..e tc . It should be 
m entioned th a t this increase of scope is achieved a t the  expense of g reater 
com plexity and several m aterial param eters. In general this type of form ulation 
appears to have rem arkable potential for special p ractical applications. However, 
fu rther research  is needed in o rder to simplify and reduce the num ber of m aterial 
constants w ithout sacrificing accuracy.
Due to the com plexity  of the m odel and th a t m any param eters  a re  needed for 
its application , the endochronic based m odels are  no t widely used in the  finite 
elem ent analysis of re inforced concrete  structures. M ore details of this m odel can 
be found elsew here, e. g. [Nilson 1982] and [C hen and Y am aguchi 1985]-
2.5 C onstitu tive M odel U sed In T his Study
The m odel adopted  in this study is an  increm ental elasticity  based form ulation, 
(i. e. hypoelastic type) developed by Phillips!Phillips 1972] T his js sum m arized in 
the following.
Before any nonlinearity  has occurred (including cracking) the concrete is 
assumed to be an isotropic, hom ogeneous m ateria l, so th a t the increm ental 
constitutive relationships are  given in the global d irections by the following well 
known expression:
{Ae} -  [D ]  { A c }  ( 2 . 2 4 )
For plane stress
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LA7 x y .
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V  
. 0
( 2 . 2 6 a )
a n d
Acrz  -  v (A(Tx  + A<j y)  ' ( 2 . 2 6 b )
where E , v  and G are  the initial elasticity m odulus, Poisson 's ra tio  and shear 
m odulus, respectively.
O nce non linear behaviour starts to develop, the elasticity m atrix  [ D ]  becom es 
a tangential m aterial m atrix  [ D-p ] so that
{ A f f }  -  [ Dt ] {As} ( 2 . 2 7 )
in which E , i- and G becom e functions of the state of stress.
If cracks occur, several options are  applicable and [ D T ] is modified 
accordingly, to be discussed in C hap ter 3.
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T he m odel sim ulates non linear behaviour in com pressive regions and  was 
developed on  the basis of deviatoric and  hydrostatic  com ponen ts of stress and 
strain . E xperim en tal evidence suggests th a t for m onotonically  increasing load 
approxim ately  unique relationships exist betw een hydrostatic stress a m and 
volum etric strain  and betw een deviatoric stress and  stra in  (conveniently
represen ted  by octahedral stress and stra in  r o c t, y 0ct) u n til fairly  close to
u ltim ate/peak  stress conditions. T he deform ation  response can then  be represen ted  
by unique relationships up to peak stresses. U sing an  increm enta l form ulation , the 
bulk m odulus K-p and the tangent shear m odulus G j  a re  assum ed to  be functions 
of the first and  the second stress invariants I ,  and J 2, respectively, i. e.
KT = f 1 ( I 1 ) ( 2 . 2 8 a )
CT = f 2 ( J 2) ( 2 . 2 8 b )
T he above assum ptions im ply tha t the concre te  rem ains isotropic under
m ultiaxial stress, in the absence of cracking, up to u ltim ate conditions.
The invariant relationships can be obtained directly from  experim en ta l curves of
<rm against e q , and r oct against 70Ct- In cases w here the data is insufficient, it 
can be reasonably assum ed that K j  is constan t and the deviatoric relationship 
obtained from  this starting point. In this study, K j  was always assum ed to be 
constant such that
Ec
KT = ---------------  ( 2 . 2 9 )
3 ( 1 - 2 0
where Ec is the initial elastic modulus of concrete  and is Poisson 's ratio .
Using this assum ption, the tangent shear m odulus G j  was derived [Phillips 1972]
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from experimental curvest^uP^ er 1969 and Richart 1928] as shown in Fig.2.18. A
p erm anen t table of constants defining this curve is used in this study, which is 
accessed in a linear piecewise m anner. A n alternative  re la tionsh ip  can  be used as 
follows:
c T y j 2
 = 0 . 0 5 3 6  ( ---------) —i . 8 4 4 6 ( 2 . 3 0 )
G0
w h e re  G0 i s  t h e  i n i t i a l  e l a s t i c  s h e a r  m o d u l u s .
U ltim ate stress conditions are  pred icted  by th e  oc tahedra l shear stress theory , 
described earlie r in section 2.3 and defined by equations (2.6) to (2 .9). T h e  equal 
biaxial streng th  to uniaxial strength  ra tio , m  =  fftc'/f,!, was norm ally set to 1.2 
unless experim en ta l data for a specific concre te  was otherw ise available (w hich is 
very rare).
A fter peak  stress, the m aterial d isintegrates considerably because of in ternal 
m icrocracking. T he existence of a stress— strain  curve beyond peak stress allows 
the load to be redistributed to ad jacen t m ateria l a fte r m axim um  strength  is
exceeded. T his is m odelled in a fairly crude m anner. T he values of G j  and K j
are sim ultaneously reduced to relatively sm all values and the state of stress is
held constan t at a p roportion  of its peak values {Op} for increasing stra in , i. e.
{<r} -  c  {crp } ( 2 . 3 1 )
where 0 <  c <  1.0.
This allows local stress redistribution to occur until a m axim um  strain condition 
is reached indicating crushing, after which all stress is reduced to zero. This is 
given by an octahedral shear strain  criterion
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Y oct + n  eo c t  + c ^ 0 ( 2 . 3 2 )
where yoct and  eoct are  octahedral shear strain  and  o c tahed ra l norm al strain  (see 
definition in A ppendix II). a and c are constants evaluated  directly  from  the 
experim ental uniaxial crushing stra in  ecu and  biaxial crushing stra in  m  ecu in a 
sim ilar m an n er to th a t for the octahedral shear stress c rite rio n , eq .(2 .7 ) to (2 .9).
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CHAPTER THREE 
CRACKING BEHAVIOUR AND NUMERICAL MODELLING
OF
CRACKS IN REINFORCED CONCRETE
3.1. Introduction
D ue to  the tensile weakness of concre te , concrete  behaves in a brittle  m anner. 
W hen the  tensile stress of the  concre te  exceeds its strength  a crack  will occur, 
a f te r  which the m echanism  becom es com plicated. In  the presence of
re in fo rcem en t, force transfer a t and betw een cracks is effected  no t only by 
aggregate interlock, but also by dowel action , bond— slip in terac tion , and tension 
stiffening. In the concrete itself, som e tensile capability still exists due to 
softening behaviour.
T h e re  is no doubt that the form ation of cracks is one of the m ost im portan t 
non linear phenom ena which govern the behaviour of re inforced concrete 
structu res. Consequently, any num erical approach  used for the analysis of such 
structu res should em body a sound num erical p rocedure for dealing with the 
form ation  of cracks, including not only opening but also closing and reopening. 
T h e  force transfer between cracks and at the crack surface also needs to be 
taken  into account. In fact, ever since the finite elem ent m ethod has been 
app lied  to reinforced concrete structures, the  form ation of cracks and post
cracking behaviour have received m uch atten tion .
Ngo and Scordelist^go Scordelis 1967] presented the first published
procedure to allow cracks to form  in a finite elem ent m esh, in which cracks 
propagate  along predefined in ter— elem ent boundaries. This becam e well— known as
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the  d iscrete  crack  m odel. An alternative ap p ro ach  know n the sm eared  crack
concep t was in troduced  by R a s h i d t ^ ^ ^  1968] T his sim ulates the form ation of
cracks by replacing the isotropic stiffness m atrix  by an o rtho trop ic  or 
non— orth o tro p ic  stiffness m atrix upon crack  in itia tion . This approach  effectively 
sm ears cracked concrete properties over an ap p ro p ria te  zone of in terest (usually 
an  e lem en t or volum e represented  by an  in teg ra tion  poin t). Since these works, 
th ere  have been num erous developm ents which are  com prehensively sum m arized 
elsew here[N ^son(ecf )  1982 and C hen 1982] H ow ever, of the two approaches, the
sm eared  crack concept has becom e by far the m ost popu lar because it can be
readily  incorpora ted  into finite elem ent procedures.
In this ch ap te r, cracking behaviour will be firstly reviewed. Secondly, crack 
sim ulation techniques are  discussed with sm eared  crack  approaches being exam ined 
in detail, including the fixed orthogonal crack  m odel, the  m ulti— directional strain  
decom posed crack m odel and the ro tating  crack m odel. F inally, discussion on the 
re la tion  betw een these crack models will be given.
3.2. Behaviour of Cracked Concrete
In a reinforced concrete elem ent, when a crack occurs at a point where the 
tension stress exceeds the tensile strength  of the  concre te , the behaviour of the 
cracked reinforced  concrete will depend not only on the overall state of the stress 
but also on the d irection of the rein fo rcem ent in relation to tha t of cracking. 
P henom ena such as tension stiffening, dowel action and aggregate interlock across 
the crack surface will arise therefrom . T hese accum ulated  factors will characterise 
the nonlinearity  of the structure locally and on the whole.
In finite e lem ent analysis, the concrete in tension is usually considered to be a 
linear— elastic and isotropic m aterial before cracking. In the two dim ensional plane
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stress configuration, the incremental constitutive relationship is simply given by
A ctxx
Actyy
A ct*y
1 -  „2
? 0
1 0
0 0  ( 1  -  i’ ) / 2
Ae
Ae
x x
yy
Ae x y
( 3 .1 )
w here E c is Y oung 's m odulus, v is Poisson ratio .
A fter cracking has occurred , the m aterial constitutive relationship  m ust be 
m odified. In the "sm eared crack app roach", the elastic m odulus associated with 
the d irection  o f the m axim um  principal tensile stress a ,  is reduced . In the local 
c rack  system , a com m on stress— strain relationship is given by
A a  1 ^ c .
1 - } I V  2
^ E c  
1 - f i v  2
0 '  ACl
A<t 2 = I'H Er
1 -pii> 2
EC
1 - f l V 2
0 A e2 ( 3 .2 )
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w here n  is elastic m odulus reduction factor depending on the tension stiffening 
law, P  is a shear re ten tion  factor, and w here it is assum ed no in teraction  exists 
betw een norm al and shear stresses and strains.
3.2.1 T ension  S tiffen ing /S train  Softening
U p to cracking, the strain— stress response of concrete  in tension is practically 
linear. Soon afte r cracking, plain concre te 's  ability to resist tension drops to zero. 
G opalaratnam  and S h a h [^ °P a a^ratnam  anc* Shah 1985] were able to obtain the
post peak response of plain concrete in tension. In the ir rectangular prism
specim en, they obtained the local strains and average crack widths using optical
m easurem ents. T hey proposed an expression in which the tensile stress in concrete 
decreases asym ptotically to zero as the width of the crack increases. The
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post — cracking resistance of concrete was a ttribu ted  to  th e  hypothesis th a t the 
cracked  surface is connected  and /o r bridged by aggregates o r crystals and the 
observed crack width is only a m easure of the  average separa tion  of these 
surfaces.
In reinforced concrete  structures, the cracked concre te  can  resist average tensile 
stresses by virtue of the tensile strength  capacity  of the uncracked  portions of 
concre te  betw een two ad jacen t cracks, and betw een w hich the bond transfers the 
forces from  concrete  to re inforcem ent. This phenom enon  is te rm ed  tension 
stiffening. M any researchers have proposed expressions to m odel the tension 
stiffening effect which re la te  the average tensile stress in cracked  concre te  to  the 
average tensile strain .
As shown in F ig .3 .1 , when the concrete  reaches its tensile s treng th , prim ary 
cracks form . T he num ber and ex ten t o f the  cracks are  contro lled  by the size and 
the p lacem ent of the reinforcing steel. T he concrete  stress does no t d rop  to zero 
but rem ains a t a certain  am ount due to the tension stiffening effect. T he change 
of the  stress distribution in concrete and reinforcem ent is re la ted  to the bond 
effect.
In order to im prove the num erical represen tation  of cracking and to some 
ex ten t ensure the num erical stability of the solution, tension stiffening[^can o^n 
1971] needs to be added.
In this study, the following tension stiffening laws have been exam ined.
—  the stiffness of the concrete is neglected after cracking, i. e. the tension stress 
drops to nearly zero right after cracking, see F ig.3 .2(a);
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—  the concre te  m odulus is reduced  gradually  in a bilinear m an n er w ith a 
discontinuity  upon crack initiation, see F ig .3 .2 (b )[ ''rama2ucl1! 1985]^ jn which a  
and  et a re  assum ed to be 0.5 and 2 0 e c r , respectively. This type of curve is 
com m only  used in the  finite e lem ent analysis of re inforced  concrete  structures.
indicating  a steep  portion  in the strain  softening curve a t cracking. A fterw ards, 
the concre te  stiffness reduces gradually. T h ere fo re , concrete  behaves in a trilinear 
m an n er, as shown in F ig .3 .2(c). Based on th e ir experim ental results, a derivation 
using frac tu re  energy theory  gave the  relationship
w h e re  5c r  = f t / E c , Ec i s  t h e  c o n c r e t e  m o d u lu s , 
f t  i s  th e  c o n c r e t e  t e n s i o n  s t r e n g t h ,
5 f ,  5SSC a n d  5c r  a r e  d e n o t e d  i n  F i g . 3 . 2 ( c ) .
This curve overcom es the sudden discontinuity  at the crack point, which is
p referab le  in com putation . H ow ever, since it was obtained from  pure concrete
specim ens it dose not include the influence of tension stiffening effects.
—  based on a systematic experim ental study of the cracking m echanism , Bhide 
and Collinst®*1^  anc* Collins 1987] considered th a t tension stiffening is affected
to a certa in  ex ten t by the angle betw een the cracking d irection  and the
reinforcing direction , and proposed the following equation:
—  a recen t experim ental study on plain concrete  by Phillips and  Zhang[^990]>
^ssc  6<5f 5 ^ c r ( 3 . 3 a )
( 3 . 3 b )
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f t
0- , --------------------------------- ( e ,  ^  ec r ) ( 3 . 3 c )
1 + 1000e,/a
w here E c is the initial Young's modulus of concre te , and  e CY and f t are  the 
cracking stra in  and stress, respectively. T he  factor a  accounts for the influence of
the re inforcing  bar orientation and is given by
a  = ( 9 0 / |  8 | ) 1 • 5 ( 3 . 3 d )
w here 6 is the  angle betw een the crack  direction  and  the re in fo rcem ent,
m easured  in degrees. If a radian m easure is used, the te rm  90 should be replaced 
by 7r/2 . In the  case of unequal re in fo rcem ent in two orthogonal directions, the 
d irec tion  of the stronger re inforcem ent is taken  as the axis of re in fo rcem ent. 
F ig .3 .2(d) shows the strain—stress relations for d ifferen t values of 6 ranging from  
90 degrees to 20 degrees.
A ccording to the results of Bhide and  Collins, good agreem ent was obtained 
w hen com paring  their own experim ental data with those of Kollegger et
ai[KolleggeiT986] jn fact, this relation has quite often  been adopted in recen t 
research  studies.
W ith tension stiffening introduced into the finite elem ent m odelling of 
re in fo rced  concre te , the analysis becom es m ore close to the real behavior. 
H ow ever, the  inclusion of tension stiffening in the m aterial constitutive relationship 
m eans th a t such modified stress— strain relations do not any m ore m atch the 
p roperties  of plain concrete or steel. T he resulting constitutive m atrix is actually 
an  an istrop ic relationship. F urtherm ore, the steep descending part of the tension 
stiffening curve can som etim es cause com putational divergence.
A fu rth er difficulty is that softening behaviour is related  to the energy release
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ra te  over a given area o r crack length. T his m eans th a t it will depend  on  the 
volum e of m ateria l rep resen ted  by a finite e lem en t o r in teg ra tion  poin t, thus 
causing m esh dependency . This can be partially  overcom e by noting tha t the 
frac tu re  energy of concrete  G p  is related  to a characteristic  length  lc of the 
crack which in tu rn  can be related to the volum e of m ateria l. T he fracture 
energy G p  can be deduced from  the area  under the  softening branch of the 
prescribed stress— strain  curve. This allows the p aram eters  defining the curve (e. 
&• a * ^ssG» ^F» et *n Fig-3.2) to be determ ined  according to e lem ent size. 
H ow ever, this concep t dose no t account for tension stiffening, only softening, and 
there fo re  it is difficult in practice to set realistic values to the param eters 
involved. F u rtherm ore  G p  is no t usually available, no r easy to m easure.
3.2.2 Shear Retention
In general, cracks in concrete  are rough. Shear force can  then  be transferred  
on the  faces of the crack due to the aggregate in terlock . T he am ount of the 
shear stress transm itted  by the interlock is dependen t upon  the average width of 
the crack, com pressive strength  of the concrete , m axim um  aggregate size and 
local com pressive stress due to riding of one face of the crack over the o ther. 
T he m echanism  is shown in F ig .3.3.
T he  shear stress and norm al stresses transm itted  by reinforcing steel due to 
dowel action across the crack is dependent upon the crack w idth, d iam eter of the 
reinforcing bar and the relative displacem ent of one face of the crack with 
respect to the o ther in the direction at right angles to the reinforcing bar, see 
Fig. 3.4.
In reinforced concrete , the m echanism  of dowel action is in fact an  interaction 
betw een re inforcem ent and concrete. M any experim en tal investigationstFenw ick
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1966 and  M illard and  Jo h n so n  1985] have been  carried  ou t since la te  1960’s. 
P ark  and  Paulay[Faric an d Paulay 1975] have identified the  th ree  m echanism s of 
dowel action , i. e. the  d irect shear, kinking and flexure o f the  reinforcing bar. A 
fo rm ulation  to calculate the  m axim um  dowel shear fo r a re inforcing  bar was 
derived as well. T hey concluded th a t if the concrete  supporting  the reinforcing 
bar is considered to be rigid, the  first two m echanism s would predom inate. 
H ow ever, Mills[MiHs 1975] recognized th a t significant defo rm ation  does occur in 
the concrete  supporting the reinforcing bar, so tha t flexure of the steel is a
princip le action.
R ecently , in the study of Bhide and Collinst®*1* ^  and Collins 1987]^ a heam
m odel was suggested for the dowel action and interlock sim ulation, in which the
effective length of the beam  was assum ed to be the com ponen t of the crack
width in the d irection  of the reinforcing bar plus four tim es the d iam eter o f the 
bar under consideration . If the concrete  layer in the d irection  of the dowel
displacem ent is w eakened, the effective length of the dowel action  will be longer.
In finite e lem ent analysis, the overall shear transfer effects are  rep resen ted  by
a shear re ten tion  factor, (3. This was first introduced independently  by 
PhillipstPhiHips 1972] ancj Suidan and SchnobrichtSuidan an d Schnobrich  1973] 
N orm ally one of the following m ethods is adopted.
—  the shear stiffness of the uncracked state is kept unchanged after the first 
crack appears (i. e. the shear re ten tion  factor (3 =  1 .0);
—  the shear stiffness is set to a constant value afte r cracking (for instance /3 =
0.5 as shown in F ig .3 .5(a));
—  the shear m odulus is reduced linearly (Cedolin/D ei P o litl 977]^ or hyperbolically
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(Al— MahaidiD979] ) as a function of the actual strain normal to the crack, see 
F ig .3 .5(b) and (c).
—  recently , M e h lh o rn [^ e l1^ ori1 1990] proposed  a approxim ation  based on  their 
experim enta l investigation, which takes account of the re in fo rcem en t ra tio  p, i. e.
l n ( e c r / c , )
0 -------------------------------------------------   ( 3 . 4 a )
2
w here
c ,  -  7 + 5 • (p  -  0 . 0 0 5 ) / 0 . 0 1 5  ( p  4 0 . 0 2 )  ( 3 . 4 b )
c j  -  10 - 2 . 5  • ( p  - 0 . 0 0 5 ) / 0 . 0 1 5  ( 3 . 4 c )
If th e  re inforcem ent ratio  is g rea ter th an  0 .02 , p =  0.02 is suggested.
If two directions are cracked, the reciprocal o f the re ten tion  fac to r 0  is given 
by the  addition of reciprocals |3, and (3 2 determ ined  separately  from  both 
d irections using the above equation.
I l l
-   --------- + -------  (3  . 4 d )
0  01 0 2
All these alternative relationships are  have been exam ined and com pared  in this 
study.
A m ore com prehensive schem e for calculating the shear m odulus of cracked 
rein fo rced  concrete has been suggested by Bazant and G a m b a r o v a H ^ S O ]  and 
W a l r a v e n [ 1 9 8 0 ]  basecj on experim ental data . T hey decom posed the average strains 
of the cracked reinforced concrete e lem ent into the strains of the uncracked 
concre te  betw een the cracks and the strains due to the cracks. E ach of these
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obeys d iffe ren t constitutive laws obtained  from  experim ents. T he  increm ental 
m ateria l law  of cracked reinforced concrete  is given by com bining the constitutive 
rela tions of re inforcem ent with that of concre te  which includes the cracking 
effects. T h e  resulting equation describes the  re la tion  betw een stresses and strains 
in a cracked reinforced concrete elem ent in the 'sm eared  m an n er '.
If a crack  closes during unloading o r re loading, the shear re ten tion  factor is 
usually set back to 1 .0 , which in fact im plies th a t the crack closes perfectly  
which is an  approxim ation to real behaviour, although the  e rro r is reasonable.
3 .3 . S im ula tion  T echniques of R ein fo rced  C o n cre te  C racking
As m entioned  earlier, crack rep resen ta tion  in reinforced concrete can be 
classified into discrete and sm eared m odels in finite e lem ent analysis. T he form er 
app roach  sim ulates a crack as a geom etrical discontinuity, whereas the la tter 
im agines a cracked solid to be a continuum . In the following sections, the 
discrete crack m odel will be briefly described and the sm eared crack m odel will 
be discussed in detail. In particular, the orthogonal fixed crack, non— orthogonal 
strain  decom posed fixed crack and ro tating  crack models are derived and 
exam ined. T he sm eared models have all been program m ed and com pared 
num erically , som e results of which are reported  later.
3 .3 .1  D iscre te  C rack  M odel
As shown in F ig .3 .6 Ngo and S co rdelist^S 0 ^967] ancj NilsontNilson 1968] 
analysed a particu lar crack configuration of the beam . T he cracks were m odelled 
by the separation  of the predeterm ined nodal points. Special spring or linkage 
elem ents were placed across the crack to sim ulate aggregate interlock (see 
F ig .3 .7). Nilson allowed the finite elem ent m odel to generate the  location of the
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cracks. In this represen ta tion , cracking is based on  th e  average stress in two 
ad jacen t e lem ents. W hen the average stress exceeds the tensile strength  of the 
concre te , the elem ents were disconnected.
L ater, this m ethod of representing discrete cracks was fu rther im proved by 
partially  au tom ating  the generation of crack patterns by M ufti e t a l t^ u f t i  1970 
and 1972] ancj ^ 1— Ma ha idi[Al— M ahaidi 1979] •pbe fo rm er au tho r incorporated  a 
p redefined  crack utilizing two nodes at one point connected  by a linkage elem ent 
which had no physical dim ension before cracking. W hen the stress in the ad jacen t 
e lem ents exceeded the concrete strength , the linkage elem ent was softened to 
allow  the  crack to open . T he rem aining stiffness rep resen ted  in terlock. T he la tter 
au tho r followed a sim ilar routine by defining e ither two or four nodes at a single 
po in t, tied  toge ther by stiff linkage elem ents until cracking occurs. In his m odel, 
aggregate in terlock was also represented by varying the stiffness o f the linkage 
elem ents. Tw o nodal points allow cracking in one direction  while four nodal 
points a t each boundary  intersection allow cracking in two d irections (F ig .3.7).
H ow ever, all the approaches above suffer from  two draw backs. F irst, it implies 
a continuous change in nodal connection, which dose no t fit the  nature  of the 
finite e lem ent m ethod . Second, the the crack is constrained  to follow a predefined 
path along the elem ent edges, which puts doubts on the fidelity of the approach 
com pared  to reality.
T he  drawbacks are  generally considered to be serious and  a ttem pts to elim inate 
them  have been reported  only sporadically. P rom inent am ongst these are the 
in troduction of graphics— aided algorithm s of autom atic rem eshing and of 
techniques which perm it discrete cracks to ex tend  through finite 
elem ents[B laauw endraad 1981 and 1985].
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O n  the  o th er hand , a class of problem s do exist w here th e  ex ac t o rien ta tion  of 
the  d iscrete crack  is no t necessarily the  prim e sub jec t o f in te rest, fo r exam ple 
m ode I frac tu re  a t a crack tip in the form  of a stra igh t separa tio n  band, the 
location of which is known in advance, o r in som e engineering  p roblem s in which 
cracking is dom inant in a particular position only. F o r such cases, the above
draw backs vanish and a sim ple form  of discrete cracks with a predefined 
o rien ta tion  can be used.
3.3.2 Smeared C rack  Models
T h e sm eared crack m odelling is based on the assum ption th a t the  concrete 
e lem ent is a continuum . T he approach , in troduced by R ash id [^as^ ^  ^968]  ^ starts 
from  the notion of stress and the strain  perm itting  a descrip tion  of cracking in 
term s of a stress— strain  relationship . It is sufficient to switch from  the initial
isotropic stress— strain  law to an  ortho trop ic  law upon crack fo rm ation , with the 
axes of o rtho tropy  being determ ined  according to the  condition of crack  initiation. 
T he procedure is attractive not only because it preserves the  topology of the 
finite elem ent m esh, but also because it does not im pose restric tions with respect
to the o rien tation  of crack directions. It is for these two reasons th a t sm eared 
m odels quickly replaced the early discrete ones and cam e into w idespread use 
during the 1970s.
In fact, ever since cracking has been m odelled, the discrete concep t and the 
sm eared concept have been the subject of m uch controversy. T he d iscrete concept 
fits our natural conception of fracture since we generally accep t frac tu re  as a true 
geom etrical discontinuity. Conversely, it has been stated  th a t a sm eared 
represen tation  might be a m ore realistic consideration for the "band of
m icro— cracks" that blunt fracture in m atrix— aggregate com posites like concrete. 
T he width of such a band which occurs at the tip of a visible crack has even
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been  claim ed to  be a m ateria l p roperty . A t p resen t, how ever, it is difficult to 
judge these argum ents since experim ental detections are  scarce and  contrad ictory  
as fa r  as w hether these processes occur in a d iscrete m anner or n o tt^ ^ 111 85, 
T a it 86] F u rtherm ore , it is indeed co rrec t th a t the cracking distributions vary 
from  structu re  to structure due to the a rrangem ent of the re in fo rcem ent and the 
steel— concrete  ratio.
T h e  argum ents change when a d istributed  fracture  is considered. E xam ples are 
the  diffuse crack patterns in large— scale shear walls o r panels due to the 
p resence of densely d istributed re in fo rcem en t. Such cases provide a true  physical 
basis fo r the sm eared concept, a t least if the scale of the represen tative 
con tinuum  is large com pared  to the crack spacing. T h erefo re , the sm eared 
concep t is a rational approach  tow ards d istributed fracture  while th e  use of the 
d iscrete concept, which considers each  individual crack as if "under a magnifying 
glass", clearly  becom es unwieldy.
3.3.3 Failure Criteria
T h e  cracking failure criteria to pred ic t crack initiation can be used with any 
crack m odelling concept. Two types of cracking critera  are  com m only em ployed. 
In m axim um  stress theory , it is assum ed that cracking occurs w hen the m axim um  
tensile stress in a d irection exceeds the lim iting value of tensile stress, while the 
m axim um  strain theory  assumes th a t the crack appears w hen a m axim um  tensile 
strain  reaches a lim iting value. These two criteria are in fact the sam e if v =  
0 .0 . A crack is norm ally assum ed to occur in a plane norm al to the d irection  of 
the principal stress or strain.
T he  two criteria are com pared against a typical two dim ensional failure 
envelope of concrete in tensile regions in F ig .3 .8 . T he stress theory  overestim ates
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th e  frac tu re  stress whilst the strain  theory  underestim ates it.
In  th is study, the m axim um  stress crite rion  is used.
3 .4  S m eared  C rack  M odels
Sm eared  crack concepts can be categorized into fixed and ro tating  crack 
concepts. W ith a fixed concept, the o rien ta tion  of the crack  is fixed during the 
en tire  com putation  process, whereas a ro tating  concep t allows the orien ta tion  of 
the c rack  to co— ro tate  with the axes of principal stra in  and  stress.
In all m ethods, the initial crack a t a point is de term ined  by the appropria te  
failure crite ria . How ever, if this crack is caused by stresses o r strains h igher than  
the  allow ed m axim um  stress/strain value due to the  increm ent step size, the 
resulting  crack  angle will be d ifferent from  that if sufficient increm ental quantities 
had been  added. T herefo re, the effect of increm ent size can be m inim ized by 
calculating  the co rrect angle. T he form ulation used in this study is
1 T y-y + AT V W
a c  = — t a n - -*- [ -----------------------------------------------  ] ( 3 . 5 a )
2 ( a x  +  Acr^) -  ( c y  +  A a ” )
w here {A c"} =  F • {Ac}, F is a correction  fac to r, (Acr) is the stress
increm enta l vector obtained in the solution and (A c"}  is the proportion  of 
increm en ta l stress sufficient to cause cracking.
F is calculated  on the assum ption of p roportionality  of stress and is given by
- 0  +  J ( ( 3 2 -  4  a  X)
F --------------------------------------------------------------
2 a
( 3 . 5b)
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where
a  -  ( A r 2Xy -  4  Acrx  Any)
0  "  2 [ r x y  ^ Tx y  + 2 ( ° c r  " 0 y)A<rx + 2 ( ° c r  ~ ^ x ^ O y ]
X  =  [  7  2 X y  -  4  ( c c r  -  C x )  ( f f c r  -  < 7 y )  ]
F o r m axim um  strain  criterion , a sim ilar p rocedure can  be followed by replacing
( a }  w ith {e} ,  and  {A<r} with {Ae}.
3.4.1 Fixed Crack Models
In fixed crack m odels, the crack d irection  is fixed during subsequent loading 
and the  next crack can only occur at a right angle o r a t a predefined angle to 
the previous one. T hese are m odelled by o rthogonal and non—orthogonal 
stra in— decom posed crack m odels, respectively.
3.4.1.1 Orthogonal Fixed Crack Model
W hen the first crack occurs, the m aterial p roperties associated with o'1 are 
m odified. In the  local crack system, the adopted relationship  adopted  in this study 
is given by
Acr i in
 
o 
- o o ' Ae 1
A<t2 = 0 Ec 0 A e 2
At i 2 . 0 0 (3G . . a 7 i2  -
where E c ' denotes the reduced elastic modulus and /3 is a shear re ten tion  factor. 
This is a special case of eq.(3.2) in which the Poisson effect is ignored after 
cracking.
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A second crack  is allow ed to form  a t a right angle to  the  first one and  the 
constitutive relationship  in the  local crack system is th en  m odified accordingly. 
C rack closing and reopening are  checked by exam ing the  norm al stra in  ecr across 
the crack, i. e. a crack closes if
f c r  < eR ( 3 . 7 a )
and re— opens if
ec r  ^ fR ( 3 . 7 b )
w here cr is a residual s tra in . In this study cr =  0.
3.4.1.2 Strain Decomposed Model 
Basic Concept
T he strains in the above equations represen t an  overall increm ental strain  of 
the cracked concrete which includes the strain due to cracking as well as the 
strain  of the concrete  betw een the cracks which represen ts uncracked concrete. 
C onsequently, the stress— strain  laws correspond to a sm eared— out relation for the 
cracked concrete , w ithout m aking any distinction betw een the crack and the solid 
m aterial betw een cracks. H ow ever, a particular crack law usually starts from  the 
notion of crack strain ra th er than total strain , which can not be incorporated  in a 
transparen t m anner. A disadvantage therefore  arises. Indeed, a gap has tended to 
develop betw een the sophisticated crack models developed by m aterial scientists 
and the coarse sm eared crack concepts em ployed by structural analysts. For 
instance, the choice of the shear re ten tion  factors was o ften  m ade arbitrarily
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w ithout reference  to  aggregate— in terlock  m odels, and  th e  stress— stra in  relations 
w ere em ployed regardless to  the  coincidence of th e ir  d irections.
A  solution to  this deficiency is to decom pose the to tal stra in  A e  o f the  cracked 
concre te  into a part A e c r  of the crack  and a part A e c 0  of the solid m aterial 
betw een the cracks (superscript c r  and co re fe r to the crack  and  solid concrete  
respectively), i.e .
A e  -  A e c r  + A e c o  ( 3 . 8 a )
T he  im portance of the decom position has been recognized by a num ber of 
researchersIL itton  1974, Bazant 1980, de Borst 1985, Rots 1985a, Riggs 1986] i t
is in essence an a ttem pt to com e closer to  the discrete crack concep t which 
com pletely  separates the solid m aterial from  the crack by using separa te  finite 
e lem ents, and in which the concrete  e lem ent and the linkage e lem ent m odels the 
cracking m echanism  using different constitutive laws.
T h e  strain  vectors in eq .(3 .7) re la te  to the global axes and for a three 
dim ensional configuration they have six com ponents. T he global crack  stra in  vector 
is given by
. c r  r a c r  . c r  . c r  . c r  . c r  . c r  lT n1 N
= [ ^ exx  y y  z z  Txy Tyz ^T zx  ■* ( 3 . 8 b )
w here x, y and z refer to the global coord inate axes and the  superscrip t T 
indicates a transpose. W hen incorporating  crack traction— crack strain  laws it is 
convenien t to set up a local n, s, t— coord inate system which is aligned with the 
crack, as shown in F ig .3.9. In the local system , a local crack strain  Aecr is 
defined as
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^ cr -  [ AJnl *Ynt P
w here the  com ponents in the brackets are  the m ode I crack norm al strain  and 
the  m ode II and  III shear strains respectively. T he  o th e r th ree  rem aining crack 
com ponen ts in the local system do no t have a physical m eaning and can be 
om itted .
T he  rela tion  betw een local and the global crack  stra in  is then  obtained by
Aec r  -  T Aec r  ( 3 . 1 0 )
w here T  is a transform ation  m atrix  reflecting  the orien ta tion  of the crack.
A  fundam ental feature  of the p resen t concep t is th a t the o rien tation  of the 
crack  is assum ed to be fixed upon crack fo rm ation , so th a t the concep t belongs 
to the  class of fixed crack concepts. F o r a th ree  dim ensional configuration T  is 
given by
l x l x ] y l z l x
2mx mx my mz mx
2
n x nx ny n z nx
2 1 xmx 1 xmy + l ymx 1 z mx + l xmz
2mx n x mx n y + my n x mz n x + mx n z
■ 2 n x 1X nx l y + n y 1 x n z l x + n x l z
( 3 . 1 1 )
w here lx , m x and n x form  a vector which indicates the direction of the local 
norm al axis expressed in global coordinates. In accordance with this convention, 
the d irection  cosines with subscript y indicates the local s— axis and those with
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subscrip t z ind icate the local t— axis. F o r a p lane stress configuration  the th ird  
colum n and  th ird , fifth  and sixth rows of eq(3.11) vanish, rendering  a 3 by 2 
m atrix , while fo r axi— sym m etric and plane strain  configurations the th ird  colum n 
and  the  fifth  and sixth rows of eq.(3.11) vanish, leading to a 4 by 2 m atrix . In 
o th er words, the reduced num ber of rows corresponds to the  reduced num ber of 
global stra in  com ponents, while the reduction  from  th ree  to two colum ns arises 
from  the  fact th a t the  m ode II com ponent vanishes.
In the local coord inate  system, we define a vector Atc r of increm ental tractions 
across the crack
A ?r  -  [ A t ;  A?g A ?t ]T ( 3 . 1 2 )
ci* c r  c r
w h e r e  A t n i n  t h e  mode I n o r ma l  t r a c t i o n  a n d  A t s a n d  A t t  a r e  mode
II and  m ode III shear traction  increm ents as shown in F ig .3.9 . T he relation
betw een stress increm ent A c t and the local traction  increm ent can be derived as
A t c r  -  TT Act ( 3 . 1 3 )
In o rd er to com plete  the system of equations, a constitutive m odel for intact 
concrete  and a trac tion—strain relation for the sm eared cracks is needed. F o r the 
concrete  betw een the cracks a relationship is given by
Ad -  DC° AeC° ( 3 . 1 4 )
w here the m atrix  D co contains the instantaneous m odulus of the uncracked 
concrete . In a sim ilar way, a relation is inserted betw een the  local crack strain 
and the local tractions
A ?r  = 6 r  A er ( 3 . 1 5 )
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where D°r is a constitutive matrix incorporating the crack properties of the mode
I, the  m ode II and  the m ode III. T his will be discussed in  detail la te r.
T h e  overall stress— strain  relation for the cracked concre te  w ith respect to the 
global coordinate system can  now be developed. Substituting eq .(3 .8 ) into (3 .7), 
and subsequently (3.7) into (3 .14), yields
Ad -  DC°  [ Ac -  T AeCr ] ( 3 .  16)
P re—m ultiplying eq .(3 .16) by T ^  and  substituting eq .(3 .15) and  (3.13) into the 
resulting left side of eq .(3 .16) gives the  relation  betw een the local crack  strain 
and the global strain , i. e.
Aec r  = [ DC£  TT Dc °  T ] _1 TT DC°  Ae ( 3 . 1 7 )
T he  overall relation  betw een global stress and global stra in  is th erefo re  obtained 
by substituting eq .(3 .17) into eq .(3 .16),
Aff -  [ DCO -  Dco  T [ DCI* + TT DCO T f 1 TT DCO ] A*
-  Dc r c 0  A t ( 3 . 1 8 )
w here D crco indicates the expression betw een the brackets, referring  to the 
cracked concrete.
In this relation, it is noticed tha t as long as the the constitutive m atrices D co 
and D cr rem ain sym m etric, sym m etry is also preserved with regard to the 
constitutive relation eq .(3.18) for the cracked concrete.
In the increm ental expression of eq.(3.18) two points need to be addressed for 
p roper cracked concrete modelling. F irst, the relation im plies a linearization 
around the cu rren t state, which m eans tha t the stress increm en t com puted holds
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exactly  only  if D co and  D cr rem ain  constan t during th e  cu rren t s tra in  increm ent. 
If e ith e r  o f these m atrices is no t constan t, which occurs for instance if the 
concre te  m odel involves plasticity o r if the  crack m odel involves non linear fracture  
functions, eq .(3 .18) serves as a first o rd e r approxim ation . A  corrective procedure 
is th en  provided by an inner iteration  loop tha t repeated ly  evaluates eq .(3 .17) and 
eq .(3 .16 ). How ever, in the case of strong discontinuities (e. g. very steep
softening), the m ethod may som etim es fail, as pointed out by R o tsI^ots 1986]
Secondly, in this increm ental expression the state change of the concre te  stress 
due to crack initiation, closing and  re— opening should be involved. T h e  criteria  
are  generally  defined in term s of to ta l local crack stress o r crack stra in , which
can be obtained from  the global stress o r strain  a t the sam pling point. In this 
study, strains are used as described for the orthogonal fixed crack m odel.
3 .4 .1 .3  M ulti—directional F ixed  C rack  M odel
An advantage of the decom position of the total strain  into the concre te  strain  
and crack  strain  is th a t it allows for a sub— decom position of the concrete  strain  
and crack  strain  individually. In this study, a sub— decom position of the concrete 
strain[de Borst 1986] not be considered, only a sub— decom position of the
crack stra in . This then  will allow for the separate contributions from  a num ber of 
m ulti— directional cracks which occur at a sam pling point sim ultaneously. The
crack stra in  is given by
( 3 . 1 9 )
w h e r e  A e c r i s  t h e  g l o b a l  c r a c k  s t r a i n  i n c r e m e n t  o w i n g  t o  a  p r i m a r y
c rc r a c k ,  A e 2 i s  t h e  g l o b a l  c r a c k  s t r a i n  i n c r e m e n t  o w i n g  t o  a
s e c o n d a r y  c r a c k  a n d  s o  o n .
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In fac t, the  idea of such sub— decom position of the  crack  stra in  is no t new. It 
was advocated  by L it to n [^ ^ on 1974] essence 0 f the  app roach  is th a t each
fixed crack  is assigned its own local crack stra in  vector e jcr and  its own traction
vector tjc r and its own transform ation m atrix  T j, according to eqs.(3 .9 ), (3.12) 
and  (3 .11 ), respectively. F urtherm ore , it is convenien t to assem ble these 
single— crack  vectors and m atrices into
AS ° r  -  [ A e /  A e /  . . . f
Ai c r  -  [ A t /  A t /  . . . ]T
.c, cr , ATcr ._cr ,AT =* [ AT1 AT 2 . . . J
In  these form ulae above, ~ indicates an  assem bly of m ulti 
S im ilar to  eq .(3 .10), eq.(3.19) becom es
/cr £crA~ crAe -  T Ae ( 3 . 2 3 )
In a sim ilar way, the single— crack trac tion— strain  relations can be expanded
into  a m ulti—crack equivalent of eq.(3.15)
~ c r  A c r  A r r
At -  D Ae c r  ( 3 . 2 4 a )
or in m atrix  form
c r  
At 1
c r c r
Di 2 . . . Ae 1
At 2 = D2 i d 22 . . . Ae 2 ( 3 . 2 4 b )
From  this expression, it is seen that the relation  is very general since it allows 
for in terac tion  between the cracks via the off— diagonal subm atrices.
( 3 . 2 0 )
( 3 . 2 1 )
( 3 . 2 2 )
— directional cracks.
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In  the  sim ilar way to the single crack strain  decom position  concept described in 
the previous section , an analogous expression for m ulti— directionally  cracked 
concre te  is ob tained .
Act -  [ Dco  -  Dc o  T [ Dc r  + TT Dc o  T f 1 TT Dc o  ] Ac
( 3 . 2 5 )
in which the assem bled m atrices T and D cr are  inserted  instead of the single 
crack m atrices T  and D c r . By using eq .(3 .25), the cracking state at a point can 
be rep resen ted  by cracks in different d irections a t the  sam e tim e, i. e. a 
m ulti—directional cracking state. H ow ever, if this occurs it does cause some 
difficulties in com putation .
A fter an  initial crack direction has been established po ten tia l subsequent crack 
directions are  defined by a 'threshold  ang le ' in re la tion  to the original crack 
direction . T hese a re  checked in tu rn  through 180°. e. g. if a th =  30.0, then 5 
directions are exam ined for potential cracks.
C r a c k i n g  S t a t e s
A state change for one of the cracks prom otes state changes in the others. For 
instance, the in itiation of a new crack encourages existing cracks to close. If such 
m ultiple state changes occur during the cu rren t stra in  increm ent, the 'm ost 
critical' state changes should be traced and handled first, while subsequent state 
changes should be treated  by splitting Aecr in its turn.  D epending on the 
particu lar crack closing condition, this procedure m ay becom e elusive and it may 
be m ore convenient to allow only one crack to change its state during the 
increm ental sim ulation. In the latter case, inconsistencies can not entirely be 
avoided, since postponing crack closing involves the crack norm al strain to
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tem porarily  becom e negative, which is physically m eaningless.
C o n s t i t u t i v e  R e l a t i o n s h i p s
As pointed out above, the m aterial constitutive rela tionsh ip  D co are  the 
properties of the uncracked concrete, in which the initial value of the Young's 
m odulus E  is used. But the  structure of the m aterial m atrix  D c r is slightly m ore 
com plicated  than  th a t of the stress— strain  m atrix D c0 due to th a t the  size D c r is 
dependen t on the num ber of the opening cracks in an  in tegration  poin t. F o r one 
crack, it is a 2 x 2 m atrix  while for two cracks it is a 4 x 4 m atrix  and  so on. 
F or n  open  cracks, a reasonable approxim ation is given by
• 0 0
Dc r  = 0 DCr°2 0 ( 3 . 2 6 )
0
-------  "
0 c  ■
w here all the off— diagonal term s are zero. This indicates th a t no coupling effects 
betw een differen t cracks are  considered. The stress increm ent in crack n  is 
assum ed to depend on the crack strain increm ent of the sam e crack only. The 
relation is given by the two by two subm atrix D n c r . T his is actually a 
sim plification of reality  since the am ount of dam age which has already been done 
in an  existing crack reduces the energy tha t can be released in subsequent cracks. 
F u rth erm o re , the off— diagonal term s of the subm atrices in the constitutive m atrix 
D nc r are  zero. This assum ption implies that no coupling is taken into account 
betw een the norm al stress increm ent in a crack and the shear strain  increm ent.
Based on the above assum ptions, we can put sim ple m aterial m odels into 
practice. From  F ig .3.10, it is seen that in the case of one crack the relation
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betw een  the  norm al stress increm ent Atncr and  the no rm al stra in  increm en t Aen  
of the  cracked concrete is given by E t , the m odulus o f th e  descending portion . 
By th e  virtue of the decom position of eq .(3 .7 ), the concre te  and  crack  ac t like 
springs connected  in series, which gives
1 1 1
  = ------- +   ( 3 . 2 7 )
Ec r  E Et
w here E cr represents the m odulus of the cracked concrete .
E  is the Y oung's m odulus of th e  uncracked concrete .
T h e  relation  betw een the norm al stress Atncr of the cracked concre te  and  the 
norm al strain  of crack Aen cr can be worked out to be
Ec r  “  EEt / ( E - E t ) ( 3 . 2 8 )
F o r shear stress— strain  relation , it is assum ed that the shear stra in  increm ent 
A e 1 2 of the crack and the shear increm ent A a ,  2 of th a t crack  are  related
through £ /3E/[(1 — /3)(1 +  ?)], w here v is Poisson 's ratio  and (3 is the shear
re ten tion  factor. This derives from  the decom position of the to tal shear strain
increm ent into a concrete and into a crack shear strain increm ent.
W ith the above relations, the decom posed crack approach  can be connected 
with the m ore traditional approaches which assume the relation £ /3E/(1 +  r)
betw een the total shear strain  increm ent and the shear stress increm ent. The 
following expression can therefore  be obtained for a crack:
c r
Jn =
(i E
(3
1 - / 3  2 ( 1 + 0
( 3 . 2 9 )
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where fi = Et/E, indicates the reduction of Young's modulus.
T h e  m agnitude of E t m ainly depends on  the  ultim ate norm al strain  eu of the 
descending po rtion , which has to be ad justed  in accordance with the e lem ent size
as to obtain  objective results with regards to the finite e lem ent m esh. The 
fundam enta l p aram eter which governs crack propagation  is then  the fracture 
energy.
In the  decom posed m ulti— directional cracking m odel, a sim ple descending 
p o rtion  o f the  concrete  stress— strain  curve is usually adopted  for cracking strain  
since m ore com plex relations (for exam ple trilinear o r curved) will m ake the 
p rocedu re  difficult. However, it is noticed th a t the existing strain— stress law
governs overall behaviour with regard to to tal stra in  and stress while the  crack 
stra in  should be distinguished from  overall concrete  strain  since these two strain  
concepts are  physically not the sam e. In o rd er to obtain a be tter understanding, 
m ore experim ental investigation is needed  regarding the two differen t strain
concepts.
3.4.1.4 Relation Between Different Fixed Crack Models
Having studied the strain decom position concepts for both single crack and 
m ulti— directional cracks, it is im portan t to investigate the relation betw een the
m ulti— directional decom posed crack m odel and o th er crack m odels which are
usually em ployed in the finite elem ent analysis o f reinforced concrete structures. 
Particularly , the relation with the fixed single crack m odel and fixed two 
d irectional orthogonal cracking models are of prim ary  interest.
Single Directional Crack
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If th e re  is a crack  in the  y— direction with its no rm al aligned with the  x— 
axis, the  transfo rm ation  m atrix T is then  given by
1 0
T = 0 0 (3.30)
. 0 1 .
T h e  constitu tive relation  of the concrete is well know n and  is given by the 
following equation
co
1
V 1
0 0  ( 1  -  v ) / 2
for th e  p lane stress problem . T hen
(3.31)
T co E
T D T = ----
1 -  v 2
0
0 ( 1  -  v ) / 2
(3.32)
A dding the stress— strain  m atrix D cr for the crack  and  inverting  the resulting 
m atrix  yields:
t  Dc r -  TT DCO T r 1
1 -  n
1 -pi. v :
1 -  r 2 (1 -  0 )
1 -  v
(3.33)
Prem ultiplying with D co T  and postmultiplying with T ^  D c0 and subtracting from  
Dco gives
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Dc o  -  Dc o  T [ Dc r  + TT Dc o T I ’ 1 TT Dco
i>HEt
1 -  f i  v 2  1 -  [ i
v n E t
1 -  v
0 0 |3G
( 3 .3 4 )
where G = •, the shear modulus of the concrete.2 (1 + , )
T his was obtained by B azant and OhH 983] w hen they  investigated cracked 
concre te . T he only d ifference is th a t the shear te rm  is included in the above 
equation , while B azant and  O h expressed their equation in term s of th e  principal 
stress d irections, i. e. in the local system.
If a crack is a t an  arb itrary  inclined angle, exactly the  sam e conclusion will be 
reached .
Two—directional Orthogonal Cracks
If two cracks open in two directions x— and y— at a p o in t, the  transform ation 
m atrix will be
1 0 0 0
T = 0 0 1 0 ( 3 .3 5 )
. 0 1 0 -1  .
Following a sim iliar procedure to tha t of the single crack gives:
Chapter Three -62-
0 0 0
0 0 0 ( 3 .3 6 )
0 0 c
( 2  -  0 )
again G = E the shear modulus of the concrete.
2 (1 + O ’
F rom  this expression, it is noticed th a t the shear re ten tion  fac to r is no t the 
com m only used value (3 but 0 / ( 2 — (3). T his is because the factor which has been 
adop ted  in the constitutive relation  D c r  for the crack is |3/(1— (3), which is 
derived  on  the assum ption tha t th e re  is only one crack existing. Indeed , if two 
d irec tion  cracks are  taken into account, it may assum ed th a t the to ta l stra in  is 
com posed of the concrete strain  and strain  of the two cracks, and  the reduction  
fac to r should be equal to 2 0 / ( 1 — 0 )  for each crack. H aving assum ed this, the 
shear re ten tion  factor would be 0 ,  which becom es exactly the  sam e as th a t in the 
conventional two— direction orthogonal crack m odel. H ow ever, th ere  is no t m uch 
d ifference  w hether or not the above assum ption is m ade, as shown in F ig .3 .11 .
U sing the sam e p rocedure, the relation with o ther non— orthogonal m odels can 
be derived although the algebraic m anipulation is m ore tedious and 
c u m b erso m e^* * 011 *976 and de B orst and Nauta 1985]
3 .4 .2  R ota ting  C rack M odel 
Basic Concept
In o rd e r to overcom e the m isalignm ent of principal stress and strain  directions 
and crack directions in fixed crack m odelling, Cope et a lt^ o p e  1980] co—rotated  
the axes of m aterial o rtho tropy  with the axes of principal strain . T he approach 
im m ediately led to the concept of the "rotating crack". T he concept is attractive
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fro m  an  engineering point of view, since the non linear stress— strain  relationship  
fo r the  principal direction can be specified w ithout having to set up com plex 
theo ries.
In fact, Bazant[®azant 1983b] ra isecj a num ber of objections to the earliest 
versions of the concept. O ne of them  relates to the fact th a t the assum ption of 
m ateria l o rtho tropy  generally implies th a t the ro tation  of principal stress deviates 
from  the  ro tation  of principal strain . C onsequently , w hen the axes of m ateria l 
o rth o tro p y  co— ro tate  with the axes of principal stra in , they will cease to coincide 
w ith th e  axes of principal stress. T he d irect use of principal stress— stra in  curves 
th en  becom es inconsistent, unless transfo rm ation  rules are  included in the 
derivation  of the tangential stiffness m odulii.
Procedures
T o  illustrate the concept, consider a tw o -d im e n s io n a l configuration  of initial 
coaxiality , with the principal 1 and 2 d irections of stress, strain  and m aterial 
o rth o tro p y  being aligned. By virtue of M ohr's  strain  circle, a sm all increm ent of 
sh ear stra in  causes the direction of principal strain  to  ro tate  by an  angle A d  e 
accord ing  to
A y  12
ta n 2 A 0 e — -------------------------  ( 3 .3 7 )
^ ( f i 1 ” f 22^
if | A-y, 2 1 << | e , ,  — e 2 2  | .  A y y 2 is the shear strain  increm ent in the 1, 2
re fe rence  axes. e M and e 22 are the initial principal strains. In a sim ilar m anner, 
M o h r's  stress circle indicates that a sm all increm ent of shear stress causes a
principal stress rotation by an angle A 9 a  according to
Chapter Three -6 4 -
A(T y 2
t a n 2 A 9 a  = -------------------------  ( 3 .3 8 )
( a 1 1 a 22)
if |Acr1 2 | << | cr n , — cr 2 2 1. A a 1 2 is the  shear increm en t in the  reference axes 
1 and  2, o', , and <r22 are  initial principal stresses.
Preserving coaxiality betw een principal stress and stra in  requires
A 9 e = A9a  ( 3 .3 9 )
U sing the  o rtho trop ic  law of the  principal stress— stra in  in  reference  axes 1 and 
2, this condition  is satisfied if and only if the tangentia l shear m odulus G 12 is 
given by
1 f f 2 2
C, 2 -----------------------------  ( 3 .4 0 )
2 ( ^ 1 ,  -   ^2 2 ^
T h e  linearized form  of the tangential stress— strain  law  fo r a consistent rotating 
crack th en  becom es
T
[ ^ 1 1  A o 22  A<j3 3 A a } 2 A a 23  A o31 ] =
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ao-,1 do-,. ao -n
a e 2 2 a 6 3 3
dcr 2 2 acr22 da 2 2
1 de 22 a  6 3 3
3 3 a < 7 3 3 ^ 3 3
1 a e 2 2 ^ 6 3 3
0 0 0
0 0 0
0 0 0
a : l  “ a 2 2
2 ( 61 1  ~  f 2 2 )
cr, , a 2 2 
2 ( e 11 -  f 2 2 )
0
a 22
Ae
Ae
Ae 3 3
a 7 m
A y  2 3 
A7 3 i
( 3 .4 1 )
w here the derivatives d c r , , /dcr, , etc. can be inserted  d irectly  since the shear 
term s guaran tee coaxiality betw een principal stress and strain .
Eq.(3.41 ) was developed in a m ore elegant way by W iliam  e t alt V iliam  1987] 
An alternative form ulation  was derived by G upta and A k b a rt^ u p ta  1984] ancj 
C risfieldtC nsfield 1987] They started  from  a description in a fixed x and y 
coord inate  system.
Since eq .(3 .41) is given in increm ental form , a corrective procedure m ust be 
added in order to suppress drifting from  the coaxiality condition . T o  do so, a 
inner iteration  loop is em ployed in which eq.(3.40) is repeated ly  evaluated using 
the initial tangential shear term  in the first iteration  (p red ictor) and updated 
tangential shear term s in subsequent iterations (corrector).
As far as the concrete constitutive relationship for the ro tating  crack approach
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is concerned , all the  tension stiffening laws can  be used d irectly . T h e  shear 
m odulus is no longer reduced by the re ten tion  fac to r but d e te rm in ed  using 
eq .(3 .40 ). C rack closing and re—opening procedures a re  identical to  those 
described prim arily  in Section 3 .4 .1 .1 .
It is intriguing to exam ine the parallels betw een the fixed sm eared 
m ulti— directional crack concept and the ro tating crack concep t. W hile the fixed 
m ulti— directionally decom posed concept controls the form ulation  of subsequent 
cracks using the threshold angle, the ro tating concep t assum es the crack 
o rien ta tion  to change continuously. Assuming the th resho ld  angle for 
m ulti— directional cracks to vanish, a new  fixed crack arises a t th e  beginning of 
each  stage of the  increm ental process. In doing so, it is observed th a t the  fixed 
m ulti— directional concept reduces to the  ro tating concept, provided th a t
—  the  condition of a vanishing threshold  angle is the only condition  which 
contro ls the orien tation  of subsequent cracks, i. e. it is no t supplem ental by a 
m axim um  stress state as was done in a previous study done by de Borst and 
N au tatAe Borst anA Nauta 85]
—  in sm eared rotating crack m odelling, previous cracks are rigorously m ade 
inactive and erased from  m em ory upon activation of the new  crack, so th a t we 
invariably have only one active crack which is unique to the loading condition .
—  the  local traction—strain law eq.(3.41) of the active crack is filled in such a 
way th a t the m em ory of the previous effects is accounted for, and  the overall 
shear m odulus ensures coaxiality according to eq(3.40), which is ite ra ted  in its 
inner loop.
T o be strict, the term  "rotating crack" swings the crack direction  continuously
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while th e  load increases. W hen the swinging angle exceeds the "th reshold  angle" 
in th e  fixed crack m odel, a new fixed crack  occurs. T his m eans th a t the  fixed 
cracks occurs always later than in a continuing ro tating  crack m odel. T he larger 
the th reshold  angle, the later will the crack  occur. F rom  this point o f view the 
ro ta ting  crack has an advantage over the fixed crack concept since it does not 
postpone the appearance of the crack corresponding to a certa in  loading level. 
F u rth e rm o re , the rotating crack uses a shear m odulus to enforce the stress and 
stra in  directions to coincide with each o ther. This avoids defects which would 
otherw ise exist in the rotating m odel, which are  unacceptable from  a physical 
p o in t o f view due to the tensorially invarian t condition of the m ateria l!B azant 
1983] p o r these reasons, the ro tating  crack  concept gives an  acceptable approach  
to re in fo rced  concrete structural response a fte r cracking.
In addition , it is necessary to point ou t th a t in the swinging crack app roach , 
the  shear m odulus is no longer dependen t upon the force transfer m echanism  but 
is de term ined  by the norm al strains and stresses in the crack norm al surface and 
its tangen tia l surface in order to force the stress and strain  d irections to ro ta te  
together.
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CHAPTER FOUR 
FINITE ELEMENT DISCRETISATION OF REINFORCEMENT
4.1 Introduction
Special problem s are  introduced when the finite e lem ent m ethod  is applied  to 
re inforced  concrete  m em bers and structures. These difficulties a re  m ainly due to 
the com bination  of the m aterials, concrete and re in fo rcem en t. Acting together 
they do no t satisfy isotropic conditions because they have vastly d ifferen t m aterial 
p roperties, nor do they satisfy com patibility conditions due to bond— slip 
phenom ena. F rom  a m echanical point of view, concrete  is generally  in a biaxial 
or even triaxial state of stress while the re inforcem ent is usually considered to 
carry uniaxial stress only.
Since the late 1960's, some general agreem ent has been  reached  in the
m odelling techniques of concrete and reinforcem ent. T he concre te  can be well
represen ted  by selecting a suitable conventional finite e lem ent while the 
re in fo rcem ent can be discretised in various alternative ways, depending on the 
purpose of a particu lar analysis. Bond— slip effects betw een concrete and 
reinforcem ent can be taken into account if p roper choice of reinforcem ent 
rep resen tation  is m ade.
In this chap ter, finite elem ent constitutive relationships for re inforcem ent are
described after briefly presenting the basic characteristics of engineering steel 
reinforcing bars. Finite elem ent discretisation of re in fo rcem ent is also discussed 
and two new em bedded bar models are proposed. B ond— slip modelling is 
discussed in C hap ter 5. Finally, a mesh generation schem e for both concrete and 
re inforcem ent is presented . This scheme allows the finite e lem ent m esh to be
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constructed  independently  of the reinforcem ent layout, rem oving a restriction  
which has o ften  hindered finite elem ent m odelling of re inforced  concrete  
structures.
4 .2  C h arac te ristic  P roperties of R einforcing S teel
R einforcing or prestressing steel in a reinforced concrete structure  is usually in 
the form  o f slender bars or cables. T hey are , therefo re , usually considered to be 
d irect tension  or com pression m em bers. B ehaviour can be adequately approxim ated  
by uniaxial stress— strain curves. How ever, in som e cases, especially w here a crack 
occurs and  dowel action arises, the steel is not only subjected  to uniaxial forces 
but also to shear and bending forces, behaving like a beam . This effect needs to 
be taken  into account in the detailed analysis of reinforced concrete structures 
w here crack  directions are inclined to the reinforcem ent. H ow ever these shear 
effects a re  outside the scope of this study, and only the uniaxial behaviour of 
reinforcing steel bars will be discussed in the following.
Protrusions or deform ations, called ribs or lugs, are com m only rolled onto  the 
surface of a reinforcing bar. T he deform ed lugs restrict the relative longitudinal
m ovem ent and establish better bond characteristics between the bar and the 
surrounding concrete . For a sm ooth bar, a curved anchorage is usually required in 
the end of the bar in order to properly transfer force from  concrete  to steel.
T he com m only used carbon steel barst®^ 4449] jn the ( j  k . are plain round 
steel bars in grade 250 and deform ed high yield steel bars in grade 460. The
nom inal sizes of bars in both grades range from  6m m  to 50m m . If a bar sm aller
than 8m m  is required the recom m ended size is 6mm while 50m m  is recom m ended
for the use of a bar larger than 40mm.
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T ypical stress—strain  curves for steel reinforcing bars subjected  to  m onotonic 
loading in tension are  shown in F ig.4 .1 . T hese are  characterized  by the  following 
fea tu re s :
(i) an  initial elastic region up the yield strain , ey;
(ii) a yield plateau from  6y to the strain  hardening stra in , e^;
(iii) a s tra in  hardening region from  to  the ultim ate stra in  eu and a softening 
region to  the fractu re  strain  ef;
(iv) C orresponding  yield and ultim ate stresses are ay and cru , respectively.
T h e  m echanical properties of reinforcing steel bars vary in a probabilistic
m a n n e r l ^ ^ E  1982] T h e variations in m easured m echanical characteristics result 
from  the variability of the steel, variability in the c ro s s -se c tio n  area of the bar,
the ra te  of loading, and the definition used to specify the property .
As the strength  of the reinforcem ent increases, the capacity  to undertake 
inelastic deform ation , or its ductility, decreases. In engineering, ductility is
however a m ost im portant attribute of reinforcem ent since it is necessary to 
ensure the ductile behaviour of concrete structures and hence prevent brittle 
failure. T he  steel strength may be increased by changing the chem ical com position 
of the steel, cold working, heat treating, or some com bination of such techniques.
F or sim plicity in design calculations, it is often necessary to idealize the steel 
stress—strain  curve. T hree types of idealizations are com m only adopted, as shown 
in F ig .4 .2 . For each idealization, it is necessary experim entally  to determ ine the 
stresses and strains at the onset of the yield, strain hardening and /o r ultim ate
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tensile strength.
If the  load is released before failure, the  response curve fo r unloading from  
any stress state is approxim ately a straight line paralle l to the  initial elastic 
response. R eloading results in a response path  approxim ately  the same as the 
original elastic shape, with perhaps a small hysteresis an d /o r a strain  hardening 
effect. T h en  it continues closely on the rem ainder of the virgin stress— strain 
curve as if unloading had not occurred. W hen subjected  to stress reversal after 
initial yielding the reloading retraces the unloading path  with very m inor deviation 
until the  previous initial yielding point is reached  again, w here plastic flow occurs 
again. T he  previous initial yielding point is then  in te rp re ted  as a subsequent yield 
point in a strain  hardened  m aterial. H ow ever, if the  m ateria l first hardened  in 
tension, and is subsequently loaded in com pression, the yield point in com pression 
will be less than  in tension. This is the well known "B auschinger E ffect". It 
com plicates practical application a lot and is often neglected.
A typical stress— strain response curve with reversed loading is illustrated in 
F ig.4.3
4.3 Constitutive Relationships for Reinforcement
In the im plem entation of the steel constitutive relationship into a finite elem ent 
program , the degree of the sophistication is dependen t to a large ex ten t on the 
special purposes of the program . The m ost general relationship should include 
stress, s tra in , tem peratu re  and time for arb itrary  histories of these quantities. 
How ever, it is usually true tha t only some of these variables are  involved. For 
instance, for seismic response, loading is rapid, therefore  it is essential to cover 
inelastic strain  reversal effects, while tem peratu re  and tim e dependent 
characteristics are generally not significant. O n the o ther hand, for prim ary
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nuclear con ta inm ents subjected  to severe therm al cycling, it m ay be necessary to
include tim e and  tem pera tu re  dependent stress relations fo r the  prestressing
tendons, bu t stress reversal will not occur. G enerally , it is advantageous to use
the sim plest constitutive relationship which m odels the essential behaviour for the 
particu lar application.
Since the steel in concrete construction is m ainly one— dim ensional and although 
it can  be subjected  to shear force due to the dowel action , it is rarely  necessary 
to in troduce the  com plexities of a m ultiaxial constitutive relationsh ip . In finite 
e lem ent m odelling, therefo re , a uniaxial relationship is widely adop ted .
In the  purely elastic region, the steel stress is de term ined  by the standard  
linear— elastic re la tion .
crs  = Eq ( e s -  (4 - .1 )
where €s if the  to tal stra in , is the therm al strain  and  E 0 is the initial 
m odulus of steel.
For the  consideration of plastic deform ation, it is com m on to  idealize the 
behaviour into a bilinear or trilinear stress— strain curve. In this study, a bilinear 
curve with sim ple isotropic strain  hardening rules has been adop ted , based on the 
following sim plifications:
i) T he actual stress— strain curve is approxim ated by an elastic— linear strain 
hardening curve, as shown in F ig.4.4. Elastic— perfect plastic behaviour is 
represen ted  by the hardening angle E^ =  0.
ii) U nloading after yielding follows a path parallel to the initial elastic slope. T he
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Bauschinger effect is ignored.
iii) T h e  to ta l strain  es is decom posed into elastic and  inelastic com ponents and 
the stress <rs is given by
0’s = E0 ( es ~ ep -  et )  ( 4 . 2 )
in which ep represents the plastic strain.
In  this study, strain  and stress calculations are  carried  ou t using an  
increm enta l—interation  procedure. In particu lar, the following operations a re  m ade:
1. E n te r  with initial stress <jj, initial strain  ej and cu rren t yield stress (Tyj and  the 
increm enta l strain  Aej.
2. C alculate the total strain
e i+ i  = e i + Af i (4 * 3 )
3. C alculate the first approxim ation to the total stress.
<ri + 1 „  (J[ + Ec A ej ( 4 . 4 )
w here E Q is the initial elasticity modulus of steel
4. If the m agnitude of the stress is less than  the cu rren t yield stress |O yj|
O'i + i < I<^yi I ( 4 . 5 )
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then  th e  plastic flow  does no t occur. T he value o f the  stress is co rrec t and  the  
procedure is term inated .
5. If the  stress is g reater than  the cu rren t yield stress, the stress needs to  be 
co rrec ted  by
c ^h
l^i  + i l  “ l ^i yl  + ~ [ l^i  + i l  " l ^i yl  ] (4-6)
w here is the  strain  hardening m odulus of the  steel, and , is the
correc ted  value of the stress. This procedure is shown in F ig .4.5.
6. T h e  cu rren t yield stress is then  updated by
c
<T i +   ^ “  l ^ i  + T I <4 - 7 >
T he m odulus is consequently set to in the calculation of the stiffness.
7. If A q  ^  0 .0 , i. e. the steel is unloading, the stress should be
c c
<ri + 1 -  - |c T i + 1 I ( 4 .8 )
8. U pdated  values j ci + i  » i are stored int0 m em ory for use in the 
next cycle, in which the steps 1 to 8 are repeated.
W hen using variable stiffness nonlinear solution algorithm s (see C hap ter 6), this 
procedure can encounter difficulties if unloading from  the yield surface occurs. If 
a solution is based on a stiffness using E ^, then it is probable that Aej will be 
considerably larger than that based on the elastic unloading curve. This large 
reversal of strain  could possibly cause a reversal in sign of the yield surface that 
should no t occur. F urtherm ore, a new modulus would then  be selected on the
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basis th a t plastic flow was still occurring, causing au tom atic  reversals o f load 
which increase in size as iterations continue. This is illustrated  in F ig .4.6.
T hus it is necessary to suppress the yielding rou tine so th a t the co rrec t level of 
stress and  strain  can be obtained by norm al iteration  with the co rrec t m odulus as 
shown in F ig .4 .7 . This is accom plished by checking w hether the sign of the 
yielding surface should actually occur within one iteration . If the stress given by
a R “  ° o  + Eh A ei ( 4 . 9 )
is less th an  the  cu rren t yield stress then  reverse yielding should not occur. T hen , 
steps 5 to  7 are  suppressed and the elastic m odulus is re ta ined  for the subsequent 
stiffness calculation .
C learly , this problem  does not arise with a constan t stiffness a lgorithm , as 
increm enta l strains are always calculated on the basis o f the initial elastic 
m odulus. H ow ever, this solution procedure does not satisfy cyclic loading 
conditions.
4.4 Finite Element Representations for Reinforcement
In the  past, at least th ree types of finite elem ent m odel have been developed 
for re in fo rcem en t in the analysis of reinforced concrete structures. T hese are (see 
F ig.4 .8 ):
i )  D i s t r i b u t e d  
i i ) D i s c r e t e  
a n d  i i i ) Em bedded
Chapter Four - 7 6 -
4.4.1 Distributed Layer Approach
In the distributed rep resen tation , as shown in F ig .4 .8 (a), the  steel is assum ed to 
be d istributed  over the concrete elem ent, with a p articu lar o rien ta tion  angle 8.  
T he steel is expected to resist stress in the original d irection  of the bar. In this 
rep resen ta tion , perfec t bond must be assum ed betw een the concre te  and steel in 
order to derive a com posite concrete— reinforcem ent constitutive relationship and 
to ob tain  the d isplacem ent field of reinforcem ent. Som etim es, bond— slip is 
represen ted  by reducing the modulus of steel[^^n s^a^°* T uom ala and M ikkola 1979] 
or increasing it when load is transferred  from  steel to concre te . T he distributed 
re in fo rcem ent m odel can be further classified into sm eared represen ta tion  and 
layered rep resen ta tion .
Layered represen tation  is widely used in reinforced concrete  p late and shell 
structures, in which the plate or shell elem ent is divided into layers. This 
approach  was first adopted by W eg m u lle rf^e8m uder ^ 7 4 ]  j j e usecj a rectangular 
elem ent with th ree  degrees of freedom  ( 0X, By and w). T he e lem ent ignores
in— plane effects, and thus assumes a fixed position for the m iddle plane of the 
plate. T his assum ption would be restricted only to problem s in which m em brane 
forces are  negligible or there  is little shift in the neutral axis position. In order 
to overcom e this difficulty, the layered approach has been im proved by 
W egm uller him selrfW eSmuIIer 1974J and others[Jo h a n a rry 1979> C oPe and Rao
1977]. im proved procedure, the effect of m em brane stresses was taken into
consideration for bending problem s where the neutral axis shifts from  its initial 
position tow ards the com pressive face as the cracking progresses deeper into the
slab dep th . C onsequently, it is possible to reduce com putational effort. This has
been achieved by R ahm an[R ahm an l981] by using a selective in tegration rule.
In plane stress type problem s, the distributed represen tation  is used as a special
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case of th is app roach , in which the d isplacem ent (u ,v) a t any poin t in  the  plane 
with coord inates (x,y) can  be expressed as:
u ( x ,y ) ' u i
"  [N ]
■ v ( x , y ) . ■ v i •
( 4 .1 0 )
w here Uj, vj are  the nodal displacem ents of the concrete  e lem ent and [ N ]  is 
the  shape function m atrix.
U sing the  standard  finite elem ent procedure, the strain  expression is therefo re  
given by
3Nj
dxex
n
ex -  I
i - 1
exy
( 4 .1 1 )3Nj
d N i ^
dy  5x
w here n is the  num ber of the nodes. ex , fy and y Xy  are  the  norm al and shear 
strains, see F ig .4.9.
Rew riting the equation gives
{ O  -  I  [ Bi K  *i )
i -  1
( 4 .1 2 )
where
( 4 .1 3 )
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C onsequently , the  stress— strain relationship fo r each layer is given by
{ <r > - [ D' ] { « > ( 4 .1 4 )
w here D ' is the constitutive relationship. For the steel layer, the behaviour is first 
described in the local coordinate direction of the steel so th a t the bar can be 
o rien ta ted  a t any angle to the global x— y axes. T hen  the constitutive relationship 
is tran sfe rred  from  the local to the global. T he transform ation  m atrix  is derived 
in term s of the  angle 6 between the local axes (x , y") and the global axes (x,y)
w here E s is Y oung's modulus of elasticity of steel and [ T ]  is a transform ation  
m atrix .
N oticing th a t steel reinforcem ent is uniaxial in contrast to concre te , the 
transfo rm ation  m atrix  reads
[O' ] - Es [T] ( 4 .1 5 )
c  s c  s
[ T ] - c s ( 4 .1 6 )
s y m . c  s
w here c = c o s 0 , s= s in 0  and 6 is the inclination angle shown in F ig .4.10
A fter the  stiffness m atrix is calculated for each steel and concrete layer, the 
sum m ation for all the layers is given by
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w here dzj is the thickness of the i— th layer, n is the total num ber of the layers, 
[ B ]  is the  strain  m atrix and [ D ']  is the constitutive m atix depending on the 
type o f the m aterial and the state of the stress in respect to each layer.
4 .4 .2  D iscre te
T h e  discrete representation  uses one— dim ensional bar elem ents and beam  
elem ents. T he bar elem ent model has been widely used due to the fact tha t it is 
easy to incorporate  it into a usual finite e lem ent program . In this rep resen ta tion , 
it is assum ed that the bar is pin connected  with two degrees of freedom  at nodal 
points. O nly an uniaxial force will be carried  by the elem ent. A lternatively, 
discrete  beam  elem ents can be used, in which the steel is assumed to be capable 
of resisting axial force, shear force and bending m om ent. T hree  degrees of 
freedom  are  hence assigned at each node of the elem ent. The beam  elem ent 
rep resen ta tio n  is also simple and easily superim posed on a two— dim ensional finite 
e lem en t mesh such as those em ployed for concrete. F urtherm ore , ano ther 
significant advantage is that they can take account of possible d isplacem ent of 
re in fo rcem en t with respect to the surrounding concrete, i.e. the possible 
bond— slip is allowed between re inforcem ent and concrete by using linkage 
elem ents. H ow ever, the com putation cost of doing this is usually large. The 
d iscrete represen tation  of reinforcem ent is illustrated in Fig.4 .8(b) and 4.11
T h e  d iscrete  re in fo rcem en t  m odel  was first used by N go  and S c o r d e l i s t^ S 0 anc  ^
S co rd e lis  1968] jn the analysis o f  a bea m . In their analysis, the re in fo rcem en t  
stee l in the bottom  o f  the beam was s im ulated  by a num ber o f  bar e le m e n ts .  
T h e  s t iffn ess  o f  the bar was calculated at the e le m en t  level and then assem bled  
into the  structural system . T h e  co n n ect io n  b etw een  the bar and con cre te  e lem en ts  
is m a d e  by linkage e lem en ts  at each  n o d es ,  which was used to take into accou nt
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dowel ac tion  and  bond slip.
As show n in F ig .4 .11 , a local coordinate system r  is se t up fo r the  bar. Let 
x[  and  y[  be the nodal coordinates, while uj and be the  nodal displacem ents. 
Following the standard  finite elem ent procedure, the coord inate  and  displacem ent 
for an  a rb itra ry  po in t are  given by
u =
I Nj xj 
1 - 1
n
I  Nt y i  
i - 1
n
E Nj u ,  
i - 1
( 4 .1 8 a )
( 4 .1 8 b )
( 4 .1 9 a )
I  N, v j  
i - 1
( 4 .1 9 b )
w here i =  1 , 2 , . . . ,  n , the to tal num ber of the nodes for each  bar.
T he stra in  is given by
er “ [ c o s 2 0 s i n 2 0  ]
' a r 0 a uax a ?
0 a r a v
a y • . a ?
[ c o s 20 s i n 2 0 ]
' a r  
a x 0
aN f
a r o ...
0
a r 0 aN;5 7 1  • • •
[  U j  V j  . . .  ]
>  0 '
u i
0 I t1a r • v i ■
-  [ ] [ v! 1
(4 .2 0 )
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w here [ J ]  is the Jacob ian  m atrix and [ Bj ] is the stra in  m atrix .
Follow ing the standard  finite elem ent procedure, the stiffness m atrix  of the  bar 
is given by
w here [ D ]  =  E s , the elastic Y oung's m odulus of the  rein fo rcem ent.
In tegration  is carried  out over the volume of the bar. T he  stiffness m atrix  of the
bar is assem bled into the global system at the structural level a fte r it is form ed.
4.4.3 Embedded
E m bedded  m odelling of reinforcem ent is usually used in con junction  with higher 
o rder isoparam etric  concrete elem ents. T he reinforcem ent bar is considered to be 
a uniaxial m em ber built into the paren t concrete elem ent. T he displacem ent field 
is assum ed to be consistent with those of its paren t elem ent. N orm ally perfect 
bond is assum ed. T he em bedded representation of re inforcem ent is shown in 
F ig.4 .8(c). R ecently, Balakrishnan and Murray[®a a^^ s^ nan anc* M urray 1985] have 
developed a m ethod of simulating the relative displacem ent betw een reinforcem ent 
and concre te  using the em bedded representation . This thesis addresses this
problem  fu rth er, as discussed in C hapter 5.
T he em bedded m odel was first proposed by Phillips and Z ienkiew icz[P^^^Ps anc* 
Z ienkiew icz 1976] in the ir form ulation, the elem ent was restricted  to lie along 
the local coord inate axes, £ or 77 of the basic elem ent of concrete . As shown in 
F ig.4.12, a bar lying along a direction of constant 77 =  rjc  is considered. T he 
position of the bar was then defined using the same shape function as its paren t 
elem ent. T he  com patibility between the bar and the concrete was obtained by
( 4 . 2 1 )
Chapter Four -8 2 -
assum ing full bond betw een them .
Based on  the above assum ption, the d isplacem ent field of the bar is given by
( O  - [ " «>  ] [ o f ( 4 .2 2 )
T h e  uniaxial s tra in , which is the only com ponen t contributing to the strain  
energy, is given in the  local system by
Cp = d u  / d x ( 4 .2 3 )
w here x ' and  y ' a re  the  local coordinate system a t point P with y ' being norm al 
to the  line of the bar while u ' and v ' are the corresponding displacem ents.
T he d istortion  m atrix  of the bar strain  is defined as
du  dv 3N u i v i
5 x dx dx
m  - = u j  Vj
du  dv dN
■ a y  a y a y
m atrix [ J ]  by
dx  dy dN ’ u i v i
a F  aF a F
[ J ]  - = u j  VJ
dx  a y dN
.817 drj  . . a$
T h e re fo re , from  the relation
( 4 .2 4 )
( 4 .2 5 )
dN dN
a F dx
= [ J ]
aN dN
. d 17 . • ^  ■
(4 .2 6 )
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it follows th a t
aN ' ’ u i v i
aN u j  v j
. drj  .
[ j ] is a  second o rd er tensor and transform s on  coord inate  ro ta tion  from  
to x \  y* accord ing  to
[ J 1 ]
au' av
5x'
au' av
ay’ 57
-  [ * ]  [ J ]  [ « ] ( 4 .2 8 )
w here [ R ]  is the  ro tation  m atrix of direction cosines a t po in t P.
Since x ' and £ ' coincide and differ only in m agnitude, we have
a x  
d x '
dy 
d x ' 1
d x
5F
to
d y dy
[ # > 2 + < § i > 2 P
^ y a x
dy’ dy' d£ dF
From  eqs.(4 .23 , 28 and 29), it follows that
h 2 ( c i
8 Nj
dx
4- C .
aNj
dy ) ,  ( c
aNj
2 a x +  c .
aNj
d y ) ,
w { (4.30)
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where
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° 2 5T  a?
d x  3 y
Again following the standard finite e lem ent procedure , the elem ent stiffness 
m atrix  can  be set up as
T h e  in teg ra tion  is carried  out over the volume of the bar.
M atix [ Ds ] is given by [ Ds ] =  E s , the elastic Y oung's modulus of steel.
In the  application  of the above equations, inconvenience is caused by the 
restric tion  th a t the bar has to coincide with the coord inate system of the basic 
e lem en t, which limits the direction of the bars. In a typical analysis, mesh 
genera tion  is restricted  by the direction of the rein fo rcem ent.
In o rd e r to rem ove the above restrictions, two new em bedded models have 
been developed in this study.
4 .5 . Tw o N ew  E m bedded B ar Models
4.5.1 In tro d u c tio n
T h e  previous em bedded reinforcem ent form ulation does not expand the
bandw idth of the stiffness matrix due to existence of the steel bar. This means
that if the restriction on t h e  b a r ' s  p o s i t i o n  can be removed the em bedded
model would becom e a more powerful approach for finite elem ent analysis of
reinforced concrete structures.
( 4 .3 1 )
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In this section, two com putational form ulations will be p resen ted . T he first 
m odel developed allows a straight bar to be generally o rien ta ted  across the 
e lem ent, the  sides of which are also assumed to be straight. T his is a very 
com m on situation and consequently it was thought w orthwhile to develop the 
form ulation  which represents this situation, reducing com putational effort. The
second re in fo rcem ent form ulation is a general em bedded re in fo rcem ent approach. 
This allows a bar layout a t any arb itrary  position within the p a ren t elem ent or 
along the  sides. B oth the reinforcem ent elem ent and the sides of the  concrete
elem ent can  be e ither straight o r curved.
In these two derivations, the basic assumptions m ade are:
i) T h e  re in fo rcem ent is a uniaxial m em ber so tha t only the  stra in  com ponent
in the  d irection  of the  bar contributes to the strain  energy;
ii) P erfec t bond exists so th a t the strain  in the bar at an  arb itary  point is 
sim ilar to  th a t of the concrete a t tha t point. Extension for bond— slip effects will 
be considered in detail in C hap ter 5.
4.5.2 An Orientated Embedded Straight Bar Model
In o rd er to derive this form ulation, two m ore assum ptions are  m ade in addition 
to the above basic assum ptions: i) the reinforcem ent bar is straight across 
opposite sides of the  concrete elem ent and, ii) the concrete e lem ent sides are  also 
straight, see F ig .4.13.
Since th ere  is no slip betw een reinforcem ent and concrete , the position of the 
bar can be defined by the sam e shape functions as those used fo r the  m ain
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elem ent. T h e  displacem ent field of the rein fo rcem ent can  th en  be given by a 
function o f the  nodal displacem ents of the  m ain e lem ent.
T hus th e  coord inates are given by:
X x i
=  [  N a . r j )  ]
• y  ■ • y i  •
and the  d isp lacem ent field by:
{ f .  } -
( 4 .3 2 )
[ ] { 5e > ( 4 .3 3 )
In th e  bar d irection , the strain  is given by
-4 4
ex  e s x  + ey e s y
( f xx  e x + ex y  e y ) e s x  + ( eyx  e x + e y y e y ) e- ' '- ■ ' i * ■ " ^ y '^ s y
( 4 .3 4 )
w h e re  ~ex  a n d  ^ y a r e  th e  s t r a i n  v e c t o r s  i n  x -  a n d  y -  d i r e c t i o n s ,  
r e s p e c t i v e l y ,  a n d
e x a n d  e x a r e  th e  u n i t  s t r a i n  v e c t o r s  i n  x -  a n d  y -  d i r e c t i o n s
r e s p e c t  i v e l y .
T h ere fo re  the  steel strain is given by
2  ^
es = exx  e sx  + 2 exy  e s x  e s y  + eyy  e s y
e x x  c o s 2a  + 2  e x y  c o s q  s i n a  + e y y  s i n 2axy
3u  3v
2 . 2 —  c o s  a  + —  s i n  a  +
d x a y
d v  d u  
d x  d y
s i n a  c o s a
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n 3Nj 3S n 3Nj dr]
X ----  —  Uj + X ------  —  u j
i —1 3S d x  i —1 drj  3 x
c o s  a  +
n dNj d S n 3Nj dr]
vj + X
i = l  d £  d y  i = l  dr] d y
s i n  a  +
n dNj 8 $ n dNj dr]
X ----  —  Vj + X ------- —  v j  +
i= l  d% d x  i = l  dr] d x
n 3Nj d£ n 3Nj dr]
X ----  —  Uj + X --------------- Uj
i - 1  3$ d y  i - 1  dr] d y
s i n a  c o s a
( 4 . 35)
w here n is the  to tal num ber of the paren t e lem ent nodes and  a  is the angle 
betw een th e  global x— axis and the bar d irection.
In  m a t r i x  fo rm
6c =
3Nj a s 3Nj as 2 3Nj as 3Nj dr]
— + ----- — cos a ----- — + ----- —
• a* d x a s d x  . a s 3x dr] d x  .
s i n a c o s a
3Nj 3S 3N j dr] 3N j a v 3Nj dr]
—  + ----- — s i n a c o s a ----- —  + ----- —
■ as 3y dr] ay • ■ a^ ay dr] ay ■
s i n a
( 4 . 36 )
Since the bar is subject only to uniaxial forces, only uniaxial deform ation
contributes to the strain  energy and the shear deform ation at the point has no
effect on the b a r 's  elongation (which only ro tates the bar). T herefo re , the
subdiagonal term s are then equal to zero (see Ref. [T im oshenko and G oodier
1951]).
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E quation  (4 .36) th en  becom es
where Aj and Bj read
Ai =
V i
[Bs] {5* >
3 Nj a s  aN j a s
a s  a x a s  3 x
2cos a
( 4 .3 7 )
Bi =
3Nj 3 17 3Nj ar; 
dr; 3y dr; dy
. 2 sin a
Follow ing the standard  finite elem ent m ethod, the  stiffness m atrix  is th en  given
by:
Ks -  / v [ B ] T [ D ] s  [B ]d v
^ v  [ B ]T E s  [B ]dv (due to t^e uniaxial assumption)
Es / v  [ B ] T [B ]d v  
Es As  / ]  [ B f [ B ]  d r ( 4 .3 8 )
where Es is the elasticity modulus of the reinforcement bar
As i s  c r o s s - s e c t i o n  a r e a  o f  th e  bar
M oreover, since the reinforcem ent bar is assumed to be straight across the
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sides of the  concrete  elem ent whose sides are  also stra igh t, the  term s in the 
diagonal positions are therefore  only functions of e ither £ o r 77, which m akes the 
in tegration  over the volume of the bar easy to carry  ou t using a conventional 
Gauss in tegration  rule.
In tegration  is carried  ou t along the b a r 's  direction in the local system of the 
concrete  e lem ent. If the  bar crosses the elem ent from  sides £ =  t  1 of the 
concrete  e lem ent local coordinate system, the in tegration is carried  ou t over the  £ 
d irection  from  —1 to  + 1 , otherw ise, the integration is over 77 d irection from  —1 
to + 1 .
As show n in F ig .4 .13 , the position of the bar can be defined by a function  of 
£ and  77, by
V -  V,  h  -  V\
i . e .
( 4 .3 9 a )
1
£ - £ , + ( „ -  - £ ,  ) ] •  — -  ( 4 .3 9 b )
w here (£ 1  ^ 171) and (£ 2 77 2) are the local coordinates a t the end  of the bar on 
each side of the concrete elem ent.
T h ere fo re , the expression for d r is given by
d£ 2 £ f 2 -  ^  2 *
dr - [ 1+ < - a r  > ] di - [ 1+ ( ) ] dn
( 4 .4 0 )
In the o th er case w here the bar is arranged across the concrete  elem ent in the
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direction  of £, the expression of dr should be given by d£ in o rd er to in tegrate  
over £ :(— 1 , + 1).
F inally , the stiffness Kg is assem bled into the stiffness of the p a ren t e lem ent.
4 .5 .3  A  G en e ra l E m bedded  M odel
A  fully general reinforcing or prestressing em bedded bar e lem ent is presen ted  
in the  following. T he displacem ent field of the bar is obtained using the 
displacem ents a t a set of 'characteristic ' points of the concrete  e lem ent (these 
concrete  points are  term ed 'characteristic ' because they are a ttribu ted  to the  bar 
e lem ent nodes), and a local system for bar is then  em ployed to achieve the strain  
expression and to in tegrate the virtual work of the bar elem ent.
Displacement Field
In term s of the nodal displacem ents of the  reinforcem ents bar, the 
re in fo rcem en t d isplacem ent field is obtained using shape functions, see F ig .4.14, as
{fs} - u coset + v sina ( 4 .4 1 )
o r  i n  m a t r i x  fo rm
u
{fs} = [ cosa sina ] ( 4 .4 2 )
v
an d
( 4 .4 3 )
w h ere
Hj a r e  th e  s h a p e  f u n c t i o n s  o f  t h e  b a r  e l e m e n t ,
u j b  a n d  v j k  a r e  th e  n o d a l  d i s p l a c e m e n t s  o f  th e  b a r  e l e m e n t ,
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and j — 1, 2, ... p, the total number of bar element nodes.
T h e  b ar nodal displacem ents can be expressed in term s of the  nodal
displacem ents of the  p aren t concrete by
Ujb u ic '
= [ Nj (£ j , j) ] (4.44)
‘ v jb ■ v ic
where (£ j.? 7j) are  the  nodal coordinates of the bar e lem ent in the local system  of 
the p a ren t e lem en t, Ujc and vjc are the  displacem ents of the p aren t elem ent 
nodes. Nj a re  the  shape functions of the p aren t e lem ent, i = l ,  2 , . . . ,  n , the
total n um ber of the  p aren t elem ent nodes.
T h e re fo re , substituting eq.(4.44) into eq .(4 .43), the d isplacem ent field of the 
bar is expressed  as,
u u .1C
V
“  [ H j  ] [ Ni C $ j  , *?j) ]
V.1 CJ
In deta il, this can be w ritten as
(4.45a)
LvJ
Hi 0 T ' Nj ($ i , r?i) 0 . . . '
0 Hi 0 Nj (£ 1 , TJ1 ) . . .
HP 0 Nj (£p »i7p) 0
.0 HP' . 0 Nj ( $ p » ^p) . . .
<«>
(4.45b)
where
{ 6} - 1C
1 c
(4.46)
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The Steel Strain
T he only  steel strain  contributing to the virtual work is the com ponen t in the 
stee l's  d irec tion , i. e.
d f j
d r
Substituting eq .(4 .42) and  eq.(4.45) into eq.(4.47)
{ e s } -  [ c o s 2a  s l n 2a  ]
d r
dx
d r
dy
dHi
d r
0 dHp
d r
-  [ B , ]  ( i f
T he virtual work done by steel is
( 4 .4 7 )
( 4 .4 8 )
V.W i t e e l  -  [ « ]  I ^ i [ B S ] [ D .1  [ Bs  ] As d r  ] ( i f  ( 4 .4 9 )
in which [Ds ] is the constitutive matrix of steel. In this case [Ds^^s *  
Young's m odulus of steel. Ag is the cross section area of the steel bar, and dr is 
expressed as
d r  -  J  ) 2 + ( - g f -  ) 2 ] d f  ( 4 .5 0 )
The term  in the square bracket in eq.(4.49) is the stiffness m atrix  of the steel 
bar. It is assem bled into the global stiffness m atrix in the conventional m anner.
The shape functions Hj  and Nj  in the above equations are  used for the bar
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elem ent and the paren t elem ent, respectively. M athem atically , they are 
independen t of each o th er; however from  physical considerations the two elem ent 
systems should be kept com patible and hence be related . In this study, a 
parabolic bar function Hj  is assumed in the parabolic concrete  elem ent.
T o  set up the relation between the displacem ent fields of a bar and the main 
elem ent, it is necessary to determ ine the local coordinates of an arb itrary  
global—system 's point in the local system of the paren t e lem ent, and this requires 
inverse m apping procedures.
Local Coordinates o f an Arbitrary Point in the Parent Element
In the  derivation , it is shown that after the cen tre point of the paren t elem ent 
is defined , the local coordinates of an arbitrary  point in the elem ent can be 
obtained linearly with reference to the local coordinates of a point on the 
boundary, and th a t the solution is singular.
Linearity
In F ig .4 .15(a), P is an arbitrary point in the elem ent. In order to define its
local coord inates, a straight line in global coordinates is drawn from  the centre 
po in t, C , to the boundary through point P. The coordinates of point Q  are 
( £ o , t j o )  and the coordinate £ (or r;) for a point on this line changes from  zero
to £0 (o r rj0). F ig .4 .15(b) describes the relation between the local coordinate £
and the distance 1 from  the central point C, in which lo is the global length CO.
It is seen tha t the relation between £ and 1 can be either linear, along O P Q , or 
nonlinear, along O P ’Q.
Now consider a situation where the elem ent is under a constant stress strain
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((70, eo) state and then calculate the potential work done on a infinitesimal area 
dxdy at two adjacent points Pi and P 2 on the line CQ, see Fig.4.15(c). If local 
coordinates £ and 17 change nonlinearly (along curve OP'Q) the same area dxdy 
will map onto a different amount of d£d 17. As a result, the potential work would 
be denser at one point than that at another point, which is not true. Therefore, 
the relation between the distance from the central point and the local coordinates 
is linear.
Singularity
Singularity exists when a pair of global coordinates has only one unique pair of 
local coordinates corresponding to it both within the element and on the 
boundary.
On the boundary, using the linear relation and basing the centre in the middle 
of the side, the singularity is easily proved.
Investigating within the element, let points P 1 and P 2 be in the parent 
element and Q 1 and Q 2 be points on the boundary crossed by the lines OP 1 
and OP 2 , respectively, See Fig.4.16.
The local coordinates are given by
Q , ( £ 1 .  Q 2 ( $ 2 » ^ 2 )
P1 (S i 1 > ^ i 1 ) ^ 2 (  ^i 2 » 2 )
The length from the central point is given by
OP, -  1, °Q, -
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0 P 2 -  1 2
The expressions of the local coordinates of the two points are, using the 
linearity relationship,
£ i 1 ----------- $ 1  ^ ii " r], (4.51a)
01 01
1 2 1 2
* ! a ------------- * 2 Hj 2 ----------------- V2 (4.51b)
1 0 2 1 0 2
If not singular, i. e. one pair of the local coordinates correspond to two points 
in the global system, or one point in global system corresponds to two pairs of 
local coordinates, then referring to Fig.4.16
and
and ^i 1 = Vi 2 (4.52)
01 0 2
(4.53a)
or in matrix form
01 0 2
= 0 (4.53b)
* i “* 2 
V, ~V2
0 1
0 2
(4.53c)
A solution of these equations is given by
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1 *2
 ----------------- 0 ( A .54 )
^ 0 1  1 0 2
T his violates eq .(4 .52) and therefore , the relation from  the global system to the 
local system  is singular.
4.6 Mesh Generation of Isoparametric Concrete Element and Embedded Bar 
Introduction
T h e  basic philosophy for mesh generation is th a t a m esh should be established 
by the  co m p u ter from  a minim um  am ount of input. Schem es for such autom atic 
genera tion  range from  simple but effective ones[B ridge...l968] based on the 
struc tu re  geom etry  to ones based on m apping betw een local curvi— linear and 
global C artesian  coordinates. The form er is straightforw ard but specific for a given 
struc tu re  whilst the latter is designed with flexibility and is capable of generating 
general m eshes. Zienkiewicz and Phillips[Z-ienkicwicz and Phillips 1971] have fully
described a  theory  employed to generate m eshes for both plane and curved 
surfaces defined  in th ree dimensions (shells). Since then , m any developm ents have 
taken p lace, see [Baldwin (ed.) 1986].
For finite e lem ent analysis of reinforced concrete structures, the mesh for both 
concre te  and reinforcem ent needs to be taken into account. If the re inforcem ent 
is considered  as a sm eared layer over concrete then separate  re inforcem ent mesh 
generation  is not necessary. If bars are bar placed along the concrete sides (e. g. 
d iscrete bar m odel), a bar elem ent generating schem e would reduce mesh 
p rep ara tio n , but is rarely used. However one of the advantages of the em bedded 
re in fo rcem en t m odel is that the finite elem ent mesh and the reinforcem ent layout 
can be independen t of each other. To make full use of this advantage, it is 
desirable to include a reinforcem ent generation schem e which allocates reinforcing
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bars to  each  e lem ent through which it passes and to correctly  apportion  each bar 
and its fictitious nodes within the concrete e lem ent. In such a schem e, only a 
m inim um  defin ition  of each reinforcing bar is necessary, thereby  reducing tedious 
data p rep ara tio n .
In th is study, a sim ple geom etric based m esh generation schem e is adopted  for 
concre te , em phasis being placed on the mesh generation of re in fo rcem ent elem ents 
for the em bedded  form ulation.
H ow ever, it is straightforw ard to include the re in fo rcem ent generating  schem e 
into a m ore sophisticated concrete elem ent m esh generation  p rocedure.
Concrete Mesh Generation
A program  generating  a mesh for eight nodal elem ents has been im plem ented. 
The inpu t data  consists of specifying a total num ber of generating  lines. F o r each 
generating line the total num ber of intervals n, together with the coordinates of 
the two term inal points (Xa , Ya , X^, Y^) and a weighting factor k are  also 
defined.
T he num ber of divisions in adjacent generating lines need not be equal to each 
o ther, as shown in F ig .4.17.
For banded solution schem es, the generating lines should cross the shorter 
direction of the  structure to minimize the bandwidth.
T he weighting factor k is based on a geom etric progression so th a t intervals 
along a generating line can be progressively shorter (0 <  k <  1 .0), equal (k =  
1.0) o r progressively longer (k >  1.0). Referring to F ig .4.18, the coordinates of
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point i along a generating line ab  are  given by
I  Kj_ 1
x i “  ( x b -  x a> — ----------  + Xa  ( 4 - 5 5 )
^  Kj_1
j-1
i . e .
K* -  1X{ = (Xb -Xa ) — -----  + Xa ( 4 . 56 )
K -  1
with sim ilar definitions for Yj 
F o r  K = 1 .0
Xj -  Xa + (Xb -Xa ) —  ( 4 . 57 )
n
In add ition , w hen k =  1.0, the line can be fu rther divided into sublines w here
the in tervals are  equal in each subline
T he  nodal num bers are labelled in increasing sequence from  line to line.
E lem ent defin itions are then established afterw ards.
R einforcem ent Mesh Generation
T he m esh for reinforcem ent bars is autom atically generated  by specifying the 
total num ber of steel bars and their term inal coordinates. In addition, the 
concrete elem ents through which a particular steel bar passes also need to be 
specified although this restriction could be rem oved if necessary by em ploying a 
searching schem e to define m utual elem ent boundaries. For a curved bar, a 
circular arc is em ployed to approxim ate the curvature. This requires the two end
points o f the arc to be defined, with an additional point on the arc or the
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cen tre  of the circle.
Straight Reinforcem ent Bars
In the sim plest situation where the bar is contained within one e lem ent only, 
the bar e lem ent nodal coordinates, nodal num ber and e lem ent num ber are straight 
fo rw ard , i. e. the bar fictitious nodal coordinates are sim ply equal to the b a r 's
term inal ones and the nodal num bers and the bar e lem ent num bers are set 
w ithout any difficulty.
If a bar crosses m ore than one concrete elem ent, as shown in F ig .4 .19(a), the 
in tersection  points for each concrete elem ent are given by solving the line
function  of the bar with the line function of the concrete elem ent side. Each side
is considered in turn until a solution is obtained. It is then  necessary to decide 
w hether o r not the solution is true. F or instance, in F ig .4 .19(b), solution giving 
P , and P 4 are false whilst P 2 and P 3 are not. This is checked by ensuring the 
point lies within the interval of the elem ent side. To reduce com putational effort, 
only those concrete elem ents through which a particular bar crosses are used to 
search  for intersection points, e. g. elem ents 1, 2, 5, 6 , 9 in F ig .4.20. C oncrete 
e lem en t num bers need to be specified in sequential o rder along the bar, for
exam ple , in F ig .4.20, the elem ents can be specified either as 9, 6 , 5, 2, 1 or 1, 
2, 5, 6 , 9.
If one or two ends of bar are term inated inside the concrete e lem ent, only 
one true solution can be found during the intersection point calculation, as shown
in F ig .4.21. T he term inal of the bar will then be autom atically used as a
intersection  point. In this situation, the concrete elem ent specification needs to be
in an o rd er which begins with the one containing the beginning point of the steel
bar, o r ends with the one containing the end point.
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Curved R einforcem ent Bars
F or a curved steel bar, th ree points are  used to define a circular curve 
function. T h e  in tersections of the bar with the sides of a concrete  e lem ent are 
then easily calculated  in the same way as for straight bars. Now, how ever, there  
are two roots in solving these functions. T rue o r false solution checks are 
therefo re  needed  twice.
Connection Between the Reinforcement Bars
O ften  re inforcing  bars are not purely straight o r curved over its whole length, 
and m ade of d ifferen t curved parts and different straight parts. T h e  schem e 
allows for this situation by considering each portion  of the  bar as a separate  bar 
with its own term inal coordinates.
T he connection  betw een the bars is then autom atic because the coordinates of 
the first po in t of the bar under com putation will be the sam e as the coordinates 
of the last po in t of the bar previously calculated. H ow ever, this needs to borne 
in m ind w hen constructing the data for such 'co n n ec ted ' bars.
A flow ch art o f the above schem e is given in the following, in which k is the 
weighting factor used in concrete m esh generation.
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Concrete Mesh
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CHAPTER FIVE 
BOND-SLIP BEHAVIOUR 
AND
SIMULATION TECHNIQUES
5.1. Introduction
It has been recognized for some tim e tha t th ere  is a close relationship  between 
bond behaviour and crack form ation in reinforced concrete . T h erefo re , m uch 
in terest has been shown in the m echanism  of stress transfer betw een steel and 
co n cre te , and it has been found that the carrying capacity  of re inforced concrete 
structu res depends on this bond between steel re inforcem ent and concrete . O ver 
the  years, both  num erical and experim ental investigations have been done in this 
field. F o r exam ple, W a ts te in [^ atste n^ 1941] m easured the d istribution of bond 
stress by using m echanical gauges, M ain st^a in s  1951] ancj B resler and 
B ertero t® res e^ r anc* B ertero 1968] by using electrical strain  gauges. B rom st^rom s 
1965] studied the relationships between bond slip, crack spacing and width, and 
Rehm[B-ehm 1961] ancj Lutz and G ergelyt^utz an£* G ergely 1967] investigated the 
m echanics of bond, bond— slip and bond splitting of deform ed reinforcing bars.
In the early  application of the finite elem ent m ethod to reinforced concrete 
structu res, Ngo and ScordelisI^S0 Scordelis 1967] USed a idealized linear—elastic 
bond—slip relationship  to model bond behaviour in 1967. T heir pioneering work 
confirm ed the degree to which m em ber behaviour is affected by bond—slip, giving 
im petus to a surge of studies to form ulate reasonable bond— slip relationships for 
use in finite elem ent analysis.
In 1968, N ilsont^ilson 1968] used the results of Bresler and B ertero to
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fo rm ulate  a high— order polynomial bond— slip relationship  fo r use w ith bond 
links. L ater, various experim ental techniques were developed fo r m easuring local 
bond stress and bond— slip in order to construct a constitutive re lationsh ip , for 
exam ple, Nilson and T anner!Nilson and T anner 1971]  ^ D orr!D o rr 1978]f NiestNies 
1979] an d others. In the 1970's, Mirz and H oude[H oude 1973, M irz and Houde 
1973] derived an  em pirical bond stress—slip relationship from  the results of tests 
on  sixty two axial reinforced tension specim ens and th irty  two beam  end 
specim ens.
K houzam !1^ 10112*111 1977] analyzed four of H oude 's tension test specim ens using 
a non linear finite elem ent program  and an increm ental load app roach . It was seen 
th a t the  load— displacem ent response could be predicted  with reasonable accuracy 
by using the  bond— slip relation derived by Houde.
Studies have also focused on the effects of concrete  cover and  end 
distances! ^ unSsPreug 1981] and load history effects!M orita 1973] g ut th ere  is still 
no general agreem ent. Some researchers!Nilson 1972, P ochanart and  H arm on 1989] 
believe th a t the shear stress—slip relationship is of a local n a tu re , i. e the 
rela tionsh ip  is no t unique but depends on the location. Edw ards and 
Y annopoulos!^-dwards and Yannopoulos 1979] an£j N am m ur and N aam an !^ am m ur 
and N aam an 1989] however concluded that the bond—slip relationship  is a 
m ateria l p roperty  and hence location— independent.
C urren tly , Pochanart and H arm on[l>oc^ anart and H arm on 1989] in terpreted  
general behaviour of bond— slip under m onotonic and cyclic loading, and 
p resen ted  a m odel for the local b o n d -s lip  relationship in well—confined concrete 
(i.e . no splitting effect considered). The model was suggested as applicable to 
m onotonic, cyclic and fatigue—type loading conditions. T he m odel's  param eters 
are all related  to the bar deform ation pattern  quantified directly from  the physical
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dim ensions of the bar, and the concrete strength . F u rth e r work is needed  to 
generalize  the  m odel for it to be applicable to  any scale.
In finite elem ent analysis, two types of bond elem ent m odels have been 
developed , i. e.
i). In terface  elem ent, and
ii). E m bedded  bond elem ent.
T h e  first type of bond elem ents can  be further divided into a lum ped form  
and  a continuous form . The form er was proposed by Ngo and ScodelisI^S0 and 
Scodelis 1967] jn t^e discretization of a beam . T he la tter was proposed  by 
G oodm an , Taylor and Brekke[G oodm an> Taylor and Brekke 1968] in soiving 
problem s in rock m echanics. The continuous form  was based on the no tion  of a 
continuous relative displacem ent field, while the lum ped interface e lem ent lumps 
the relative displacem ent to the nodes. Both of these elem ents connect one node 
of a concrete  elem ent with one node of an  ad jacent steel e lem ent. T hey  have no 
physical dim ension so that the two nodes have the sam e coordinates before 
loading. T he  two elem ents are used in finite elem ent analysis usually in 
conjunction  with discrete reinforcem ent elem ents.
T he  continuous interface elem ent is potentially m ore powerful and has been 
fu rth e r investigated. H oshinot^oshino  ^974 ] introduced the continuous interface 
e lem en t into m odelling bond problem s by utilizing a linear bond— slip relationship.
It was then developed and generalized by S chafert^chafer  ^975] j n their 
contribu tions, the relative displacem ent between concrete and rein fo rcem ent was 
considered only in the direction of reinforcing bar, whereas in the direction 
norm al to the bar com plete com patibility was assumed.
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It has been  suggested! Wilson 1982] tha t tke continuous in terface e lem ent is 
superio r to  the  lum ped form , but this was no t accom panied by a com parative 
study. It is still questionable which type of e lem ent is p referab le.
M ore recently , a modified and m ore general version of the continuous interface 
e lem en t has been developed by M ehlhorn and K euser[M ehlhorn  and K euser 1985] 
in tw o and  th ree  dim ensional structural analysis and shell structure analysis using 
layered  shell elem ents, which takes into account the norm al stress betw een 
co n cre te  and  reinforcem ent. A pplication of this continuous e lem ent to  pull— out 
test analysis showed satisfactory agreem ent with their experim ental results.
A  variation  of the interface elem ent is the so— called "bonds zone e lem ent", 
p roposed  by de G root, Kusters and M onniertG root, Kusters and M onnier 1981]. j n 
th e ir  m odel, no t only was the contact surface betw een the steel and concrete 
m odelled , but also the concrete in the im m ediate vicinity of reinforcing bar was 
m odelled  by an  adopted  m aterial law which considered the special properties of 
the bond zone. Since these properties are difficult to obtain, this bond zone 
e lem en t is no t often adopted.
An em bedded bond elem ent was proposed by Balakrishnan and 
M urryt® a a^^r *s^ ana and M urry 1987] using the em bedded reinforcing bar 
m odel[Phd ^Ps and Zienkiewicz 1976] by introducing artificial "nodes" along the 
reinforcing  bar. These authors intended to utilize the independence of the steel 
m esh layout from  that of concrete finite elem ent mesh. T he virtual work of the 
bond e lem ent was taken into account and the stiffness m atrix of the b o n d -  slip 
e lem en t was assem bled with its paren t concrete e lem ent's  stiffness m atrix  and 
em bedded  re inforcem ent bar matrix in a standard m anner. However, this increases 
the to tal num ber of degrees of freedom  and hence increases the com putational 
cost in solving the consequent equations for the whole structure. Phillips and
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Y/u[Phillips and  W u 1990] also proposed an em bedded bond e lem ent for straight 
bars generally  orien ta ted  across opposite sides of the  concrete  e lem ent. This 
ap p ro ach  also utilised artificial "bond" nodes along the steel bar, but the extra 
degrees of freedom  associated with the bond— slip a t these nodes were condensed 
out so th a t th ere  was no increase in the global stiffness m atrix . This will be 
described in m ore detail later, along with several enhancem ents which im prove its 
perfo rm ance  and  m ake it applicable to curved bars in a generally  curved side 
p a ren t e lem ent.
A llwood and  B a ja r w a n [ ^ wood and B ajarw an 1989] proposed a d ifferent 
app roach  which required a separate analysis of the steel and concrete . The 
com bined  response was obtained by using the concept of "in terforces" to represen t 
bond forces betw een the concrete and steel. The technique requires an  iterative
p rocedure  to avoid any additional increase in the num ber of equations to be
solved. H ow ever, their m ethod did not take advantage of the em bedded
form ulation , the reinforcing bars being discretized separately.
In the rem ainder of this chapter, bond— slip behaviour and its constitutive
relationsh ips under m onotonic and repeated/cyclic loading will be first discussed. 
A tten tion  will th en  be focused on the b o n d -s lip  m odelling techniques. Finally the 
new  general em bedded bond elem ent will be presented with detailed derivation 
and in te rp re ta tion .
5 .2 . B ond—Slip B ehaviour
5.2.1 B ond M echanism  and Basic C oncepts
Bond can be thought of as the shear stress or force betw een a bar and the 
surrounding concrete . It comprises i) chem ical adhesion, ii) friction and, iii)
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m echanical in teraction  betw een concrete and steel. T h e  fo rce  in the  bar is 
transm itted  to the  concrete by this bond, or vice versa.
As shown in F ig .5 .1 , assuming the effects of the d iscrete ribs and  in ternal 
cracks are "sm eared" so as to cause continuous action along the bar, the 
longitudinal force equilibrium  of an infinitesim al bar e lem ent requires tha t the
bond stress is proportional to the change of the bar tension, which gives
dF
Fb d r  dr (5.1)
dr
w here F b is the  bond force distribution, F s is the steel force d istribu tion , and r 
rep resen ts the bar d irection.
L etting  r b be the bond stress and <t> the bar perim eter, we obtain
Es As d c s
r b -------------------------------------------  ( 5 . 2 )
$ dr
w here E s is the elasticity modulus of steel As is the b ar's  cross section , and d e s
is the  strain  change rate of the steel.
T his indicates tha t the bond stress is proportional to the slope of the bar force 
distribution, and tha t the area between any two points of the bond stress curves 
is equal to the change of bar force between these two points.
In o rd er to determ ine bond stress, the average bond force over a length Ar is 
calculated first based on the difference of the forces in a steel bar betw een two 
successive gauges I and II, i. e.
AFS = FI I s - FIs ( 5 . 3 )
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where AFS is the difference in steel force between cross sections I and II,
and Fjs and Fjjs are the steel forces at section I and II, respectively.
T h e  average bond stress is then given by
F I I s  " F Is
T ave = ( 5 . 4 )
d> A1
B ond— slip is defined as a relative displacem ent betw een concre te  and steel
along th e ir  interface. Early attem pts[M ains 1951] obtain bond—slip m ade use of 
m in iatu rized  d ifferential transducer gauges, and specially— adap ted  electrical
resistance strain  gauges. A practical m ethod is to calculate the  displacem ent
d ifference  betw een concrete and steel at specific locations along the in terface. The 
steel d isp lacem ent is found by num erical integration of steel strains, as given by
the  interval gauges. The concrete displacem ent is obtained by in tegrating  the
co n cre te  displacem ents m easured by special electrical resistance strain  gauges 
em bedded  in concrete a short distance from  the steel— concrete in terface (see
F ig .5 .2 ). T he technique is im perfect since concrete strain is obtained not a t the 
in te rface , but a short distance from  it, and the effect of concrete cracking is 
averaged  out over the length of each concrete gauge. However, analyses based on 
stress— slip curves found in this way indicate that results are quite good.
R eferring  to the m easurem ent, it should be pointed out th a t the bond slip 
ob ta ined  is a total slip over the length between the two ad jacen t strain  gauges 
ra th e r  than  the local b o n d -s lip , which contrasts to the constitutive relationship 
used for "slip" in finite elem ent analysis. The form er is the d isplacem ent of the 
bar relative to an imaginary cross section of concrete over which the transferred  
stress is distributed. The slip in this sense is denoted as "apparen t slip . T he 
la tte r is the total slip at a particular position.
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5.2.2 Under Monotonic Increasing Loading
M any investigations have been carried  out to determ ine the bond stress— slip 
re la tionsh ip  under m onotonic increasing loading[M ains 1951, Som ayaji and Shah 
1979 and  H oude 1973] Most of them  used one bar size while H oude reinforced 
the  specim ens with # 8 , # 6  and # 4  bars. T he tests conducted are usually
anchorage  tests and force transfer tests as shown in F ig .5.3. T he fo rm er sim luates 
th e  anchorage effect of a reinforcem ent bar end while the la tte r m odels the
cond ition  in the  tension zone of a concrete beam  betw een flexural cracks.
F rom  the  experim ental results presented so far, the  following points can be
concluded.
1). D eform ed  bars develop relatively higher bond stress over a shorter length of 
bar than  plain  bars.
2). P lain stra igh t—bar specimens fail mostly by slip, while deform ed bar 
specim ens fail by yielding of the bar with no bond failures.
3). T h e  m axim um  local bond stress of a plain straight bar occurs near the
unloaded end. T he maximum value is not reached until m axim um  total load is 
app lied . T he  m axim um  local bond stress occurs near the loaded end at relatively 
low loads. It then  moves towards the unloaded end as the load is increased.
4). F o r a deform ed straight bar, the m axim um  local bond stress occurs near the 
loaded end of the bar, while the part of the bar near the unloaded end never 
develops a large bond stress.
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5). A  hook on  a deform ed bar increases the bond effectiveness along the parts of 
th e  bar ahead  of the  hook. A hook on a plain b ar changes the failure m ode 
from  slip failure to fracture failure of the bar.
8). Local cracks govern the m agnitude and distribution of both tensile stress in 
th e  re inforcing  bar and bond stresses. C rack locations are  coincident with lumps 
of th e  bar force curve and the positive and negative peaks of the bond— stress 
curve.
5.2.3 Under Repeated and Cyclic Loading
F o r rep ea ted  and cyclic loading behaviour, the bond at any stress level is 
influenced by the previous loading history. T he effectiveness depends m ainly on 
the  given stress level and previous peak stress and less on the  num ber of the 
cycles. T he  bond stress— slip curves are characterized by residual slip a t zero load 
level and hysteresis loops. Particularly, the following experim ental phenom ena have 
been observedt^h ipnian  and G erstlel979 and Rehm  and E ligeausen 1979]
1). T h e re  is no evidence of a significant difference betw een the curves of small 
and those of large specim ens subjected to the same am plitude of cycles.
2). U nder repeated  and cyclic loading, a residual slip exists a t zero load level, 
the loading and unloading paths are not coincident, and thereby  form  hysteresis 
loops.
3). U nder very low am plitude of applied load, no residual slip o r significant 
hysteresis loop occurs, which indicates that there is a linear elastic region in the 
bond stress— slip relation curve.
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4). As loading is applied, the  hystersis loops shift by a sm all am oun t to the 
righ t, producing additional residual slip at zero load, as well as additional slip at 
any  o th e r load level. These additional bond stress and slip tend  to  dim inish as 
the  num ber of load cycles is increased, and the hystersis loops becom e congested.
5). T he am ount of the bond destruction in the first repea ted  loading increases 
with increasing load. T he trend is tha t the higher the load am plitude, the larger 
the additional slip, i.e . the rate of bond deterioration  is larger a t h igher load 
am plitudes than  a t lower ones
6). A lthough every subsequent loading produces additional slip a t all load levels in 
a repeating  cycle, this slip is small in com parison with the slip produced  during 
the first cycle.
5.3 Bond—slip Constitutive Relationships 
General Remarks
W hen the constitutive relationship is derived, the bond slip is defined as a 
local slip, ra th e r than  a total interface slip. T he bond stress rep resen ts the force 
transfer from  concrete to reinforcem ent or the decreasing/increasing ratio of 
concre te  force and steel force.
Under Monotonic Increasing Loading
V arious form ulations have been derived from  experim ental results to  represen t 
the bond s tre s s -s lip  relationships. An early form ula was obtained by N ilsontNllson 
1968] using the results of Bresler and B ertero. He obtained the th ir d - o r d e r  
polynom ial,
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r b  = 3606  ( 1 0 3 s )  -  5356 ( 1 0 3 s ) 2 + 1986 ( 1 0 3 s ) 3 ( 5 . 5 )
in w hich r b is the bond stress in psi and s is the slip in inches.
Based on the experim ental results from  tests on sixty two tension specim ens 
re in fo rced  with a # 8 , # 6  o r # 4  deform ed bar, and th irty  two p u l l - o u t  tests on 
beam  end  specim ens reinforced with # 8  deform ed bars, H o u d e [^ ou<^e 1973] 
derived the  following general fourth order relationship:
t b  -  1 . 9 5  x 1 0 6 s - 2 . 3 5  x 1 0 9 s 2+ 1 . 3 9  x 1 0 12 s 3-  0 . 3 3  x 1 0 15s 4
( 5 . 6 a )
w here r b and s are  the same as defined above. In this derivation , the au thor 
considered  the load level, the thickness of the concrete cover and the concrete 
s treng th .
In con trast to the early studies, N ilson[^^son 1972] investigated the end 
d istance effects on the bond— slip constitutive relationships. He concluded th a t the 
end  distance effect was significant, as shown in F ig.5.4, with the initial modulus 
of all these b o n d -s l ip  curves being 2 x 1 0 6 psi/inch. How ever, th ere  is some 
doubt since his bond slip was the total slip at a particular point, ra th e r  than  a 
local slip a t tha t point. T herefore, it is reasonable that the slip could be larger 
u nder a lower bond stress a t a position nearer to the loaded end , i.e . no m atter 
w here the point is taken into consideration, bond stress may have a unique 
relation  with local bond slip.
In fact, in selecting a bond s tre s s -s lip  curve in finite elem ent analysis it is 
usually best to keep it as simple as possible based on reasonable agreem ents with
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experim en ta l phenom ena. T he relationship derived by H oude in 1973 (eq .5 .6 ) has 
been  exam ined  in this study with appropria te  conversion to S .I. units, because it 
is generally  accepted  as being reliable. Thus the relationship  is given by
r b -  5 . 2 9  x 1 0 2 s -  6 . 3 8  x 1 0 5 s 2+ 3 . 7 7  x 10® s 3-  8 . 9 6  x I 0 1° s 4
( 5 . 6 b )
in w hich 7b is in N /m m 2 and s is in m m , and is shown in F ig .5.5.
Under Repeated and Cyclic Loadine
As far as repeated  and cyclic loading is concerned , the bond stress— slip 
re la tionsh ip  becom es very com plex. Not only does the bar geom etry and concrete 
con finem en t need to be considered, but also the loading history should be taken 
in to  accoun t, which produces a hysteresis response. D ue to bond deterioration
effects, th e  bond— slip increases in subsequent loading cycles. An em pirical 
form ula tion  to deal with this situation was given by Rehm  and E ligehausen [^e^ m 
and E ligehausen 1979] wbo tested 308 p u l l - o u t  specim ens. The param eters
studied  w ere the loading am plitude, bar diam eter, concrete quality and bond
length . T hey  calculated the slip Sn from  the initial slip S 0 after a certa in  num ber 
of load reversals n by the equation
Sn -  S 0 ( 1 + Kn) ( 5 . 7 )
w here Kn is the deterioration  coefficient determ ined from  the experim ental data
by
Kn = ( 1+ n ) ° - 1° 7 -1  ( 5 . 8 )
It was also concluded that the relation eq.(5.8) was not significantly influenced 
by the  various o ther param eters.
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R ecently , P ochanart and H atm on[P ochanart and H arm on 1989] presented 
bond— slip relationships for well— confined concrete  based on a dam age rule (see 
append ix  III). T h e  param eters studied could be determ ined  directly  from  the bar's  
defo rm ation  pa tte rn  and concrete strength. They re la ted  the bond stress— slip 
curve of repeated/cyclic  loading with m onotonic response by a reduction  factor, 
and  te rm ed  the curve a "reduced m onotonic envelope".
As show n in F ig .5 .6 , four param eters are needed to  define the m onotonic 
curve as follows
r ,  = 4 .2  -  0 . 0 6  ( l s / l h ) ( 5 . 9 )
s ,  -  0 . 0 0 3  (jh  ( 5 . 1 0 )
r  3 = 0 . 8 0  -  0 . 0 1  ( l s / l h ) ( 5 . 1 1 )
S 3 =: l s ( 5 . 1 2 )
w here ls is the  spacing between steel lugs, 1^  is the lug height, and <7^ is the lug 
bearing pressure at m axim um  bond strength, i. e. splitting strength  of concrete.
T h e  ascending branch follows the cubic relationship given in the figure. The 
descending branch follows a straight line to a point defined by the frictional bond 
stress t 3 and the corresponding slip s 3. T he horizontal frictional branch 
represen ts the  rem aining frictional stress after the bond strength  is elim inated.
H aving obtained  the m onotonic bond stress— slip curve, the reduced m onotonic
envelope can be constructed as shown in F ig.5.7. It is defined by ( t \ ,  s j , r  3, s 3
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and  Tf), w here
t \  and s \  are new peak bond stress and  corresponding  slip, 
r  3 is the new residual frictional stress.
S3 =  1 3 =  ls — ex, is the undam aged length of the concrete  key.
Tf is the cu rren t value of the developed frictional stress.
In addition , an  offset value of 1/4 ex is suggested which identifies w here the
streng th  com ponen t of the reduced envelope begins.
T hese relationships can be extended to include hysteresis rules fo r bond 
behaviour. R eferring to F ig.5 .8 , these can be sum m arized as follows:
1. U nder m onotonic loading, the bond stress— slip relationship  follows the 
m onotonic  envelope.
2. T h e  unloading path  is very stiff.
3. As long as there  is no slip in the opposite d irection, reloading will be on the 
sam e path  as unloading. W hen the stress reaches the point w here the unloading 
took place, the bond stress—slip relation will follow the previous envelope.
4. If the reversed load is higher than the developed frictional bond stress, there 
will be slip in the opposite direction, and the reduced envelope based on the 
rem ain ing  concrete  key will be used for the new envelope.
5. If loading takes place after there  is slip in the opposite d irection, the 
reloading path  follows the unloading stiffness relationship until e ither a reduced 
envelope or frictional envelope is crossed.
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6 . If loading continues in the opposite d irection, the loading path  will follow the 
fric tional stress path  until it crosses the new  envelope and  then  will follow the 
new  envelope.
T h e  m onotonic version of this relationship has also been exam ined  in this 
study.
5.4 Bond—Slip Modelling Techniques
5.4.1 Lumped Interface Element
T h e  s o -c a l le d  "lum ped elem ent" shown in F ig .5.9 is a lum ped interface 
e lem en t and  in concept consists of two linear springs K t and K n parallel to a set 
o f o rthogonal axes. It has m echanical properties but no physical dim ensions. T he 
e lem en t stiffness of the bond link, K^, is then  given in its local coord inate 
system  by
Fb = Kb s ( 5 . 1 3 )
l . e
b
Ft
h
Fn
Kt 0 s t
0 Kn J s n ■
w h e r e  Kt  = tt <t> l e Et , l e i s  t h e  l e n g t h  o f  t h e  b o n d  e l e m e n t  
$  i s  t h e  d i a m e t e r  o f  t h e  r e i n f o r c e m e n t  b a r ,
Et i s  t h e  bond  mo d u l u s  i n  d i r e c t i o n  t ,  a n d
f J* i s  t h e  bond  f o r c e  i n  d i r e c t i o n  t .
S im ilar definitions apply in direction 77.
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T his linkage elem ent can be used to connect steel with concre te , o r connect 
steel w ith steel if such necessity arises.
T h e  e lem ent stiffness m atrix is then  transform ed from  local to global 
coord inates and  the relative displacem ents are  related  to the nodal displacem ents, 
which gives
i.e .
w here
K ( 5 . 1 4 )
k 1 1 k 1 2 " k i i
1 7? ro
k 1 2 k  2  2 ~ k  1 2 ” k  2  2
- k 1 1 ~ k  1 2 k 1 1 k 1 2
— k 1 2
1 7? K) KJ k  1 2 k  2  2
k , 1 = Kt  c o s 2 q  + Kn s i n 2a  
k u  -  (Kt  -  Kn ) s i n a  c o s a  
k j 2 = s i n 2a  + Kn c o s 2a
Fy i s  t h e  n o d a l  f o r c e  i n  t h e  g l o b a l  s y s t e m ,  a t  n o d e  i in  
d i  r e c t  i o n  y .
6^  i s  t h e  n o d a l  d i s p l a c e m e n t  i n  t h e  g l o b a l  s y s t e m ,  a t  n o d e  i in  
d i  r e c t  i on  y ,
ct i s  t h e  a n g l e  b e t w e e n  t h e  l o c a l  t - a x i s  a n d  t h e  g l o b a l  y - a x i s ,  a s
show n  in  F i g . 5 . 9 .
H aving obtained this final form , the elem ent stiffness m atrix K can be inserted 
into the global stiffness matrix.
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T h e  stiffness Kt known as a "slip m odulus" can be estim ated based on 
experim en ta l results. T he stiffness Kn in the  norm al d irection  to the  reinforcing 
bar rep resen ts the norm al force causing dowel action o r a "press dow n" effect of 
re in fo rcem en t in resisting shear. It is needed w hen large crack openings take 
place. In this situation , the bond depends not only on the chem ical adhesion and 
m echanical in terlocking between the steel and concrete , but also on how well the 
su rrounding  concre te  holds the steel from  vertical separation . This is, of course, a 
th ree  dim ensional problem . Despite these com plexities, it is reasonable tha t in the 
range w hen dowel action can be neglected, a very large value of K n can be 
chosen, thereby  assuming that steel and concrete are  nearly  rigidly connected. 
H ow ever, if the  m ovem ent of the steel is needed to be considered to represen t 
the  dow el action  in the calculation, a realistic value of the spring stiffness, K n , is 
dem anded . A t p resen t, it is open to question and requires fu rther investigation on 
how  to find ou t a realistic calculation of Kn to sim ulate the dowel action.
T h e  lum ped interface bond elem ent has been extended to th ree dim ensional 
struc tu ra l analysis by Ahm ad and Bangah in 19871 A hm ad and Bangah 1987] 
au thors adop ted  th ree  idealized forms of the bond stress— slip relationships for the 
m odulii in the  th ree  directions.
5 .4 .2  C on tinuous In te rface  Elem ents
1. 1— D Continuous In terface  Element
T h e  one dim ensional continuous interface elem ent has no physical dim ension in 
the transverse d irection  when undeform ed. It has two or th ree double nodes as 
shown in F ig .5.10, using linear, parabolic or cubic in terpolation functions, 
respectively. T he num ber of nodes should be com patible with that of the concrete 
and re in fo rcem en t elem ents. For exam ple, the connection betw een a th ree— node
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parabolic  e lem ent with th ree nodes along each side o f a concre te  is accom plished 
by a con tac t e lem ent with th ree double— nodes.
In the  unloaded stage, two opposite nodes i and k have identical coordinates, 
these nodes com bining into a s o -c a lle d  double node ik, as shown in F ig .5 .10(a).
T h e  local coordinates of any point x are related  to the global coordinates of 
the nodal points xj, which gives
x = N • u j  ( 5 . 15a )
n
i .  e .  x ( € )  = I  Nf ( € )  Xi ( 5 . 1 5 b )
i - 1
n
a n d  y ( £ ) = £ N j ( 0  y t ( 5 . 1 5 c )
i - 1
W hen th e  load is applied the displacem ents u a t an  arb itrary  po in t along the 
e lem ent a re  re la ted  to the nodal displacem ents uj by the shape functions, which 
are  given by
u = N • u j  ( 5 . 1 6 a )
i .  e .  u ( $ )  -  I  N i ( 0  u t  ( 5 . 1 6 b )
i - 1
n
a n d  v ( 0  = I  N i ( 0  ( 5 . 1 6 c )
i - 1
w here Nj are  in terpolation  functions, and n is the num ber of nodes along the 
con tac t e lem ent.
T h e  relative displacem ents 8_ between the two connected points will occur, as
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show n in F ig .5.11, given by
i . e .
A  = A • u
-1 0 0 1 0 0
6y - 0 -1 0 0 1 0
5Z . . 0 0 -1 0 0 1 .
u i
v i
wi
u k
v k
wk
( 5 . 1 7 )
Substituting eq.(5.16) into eq.(5.17) leads to eq .(5 .18), which relates the relative 
d isplacem ents _6 a t any point of an elem ent to the nodal displacem ents Uj.
A = A • N • uj  = B • U( ( 5 . 1 8 )
A nalogous to  eq .(5 .17), the stress <r at points i and k are related  in eq.(5.19) 
to the  con tac t stresses t_ between two elem ents (see F ig .5 .12), i.e .
a -  A ( 5 . 1 9 )
i. e.
° x i -1 0 0
° y i 0 -1 0
° z i 0 0 -1
° x k 1 0 0
° y k 0 1 0
■ a z k  ■ 0 0 1
r y
r  ^
T he  relationship between contact stresses and relative displacem ents in the 
con tac t in terface is defined in the local coordinate system by
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1. e .
7 L _ cL ' i L oL+  T_
Tr  ’ crr C rt ^ r s
r t = ct r c t t C ts
■ • c s r c s t ^ s s
indicates the local system. t0^  is the
( 5 . 2 0 )
‘ 5 r  ' ‘ r ?  '
* t
+
• ■ ■ r g  ■
tan g en tia l and  norm al directions at the double node ik. is a m ateria l m atrix .
In  th e  special case when the contact behaviour in the coordinate d irections are 
in d ep en d en t from  each o ther, we obtain the m aterial m atrix  C ^* as
Crr 0 0
[CL* ] - 0 c t t 0
. 0 0 css
( 5 . 2 1 )
w here C r r , and Css are the bond— modulii in the r— , t— and s— directions.
T o  build up the elem ent stiffness m atrix and the vector of nodal forces, the 
m ateria l m atrix  has to be transform ed from  the local to the global coordinate 
system . T h en  the elem ent stiffness m atrix [ K m ] and the vector of e lem ent nodal 
forces F m are  obtained in the global system, which can be assem bled into the 
stru c tu ra l force vector directly without any additional effect. These transform ations 
and in tegrals are
[ c  ] -  [ I  ]T [ CL ] [ I  ] ( 5 .2 2 )
[ K1" ] -  /  [ B f [  C ] [ B ] dA ( 5 .2 3 )
Fm = /  [ B ]T r dA (5 .24 )
and
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where
(5.25)
[I] -
-r
i n
is a transfo rm ation  m atrix, consisting of unit d irection  vectors parallel and 
norm al to the  con tac t interface at the double node ik, see F ig .5 .12.
T h e  in tegrations above are carried out num erically over the  contact surface, 
usually w ith a G auss num erical integration procedure.
T h e  d ifferen tia l area dA  for the one— dim ensional con tac t e lem ent is
dA = b d e t | J |  d£ ( 5 . 2 6 )
w here b is the  width of the contact surface and det | J  | is the de term inan t of the 
Jaco b ian  m atrix . In particular, for the one— dim ensional contact problem  
considered  he re , det | J |  is equal to the real length of the e lem ent, L.
2. 2— D  Continuous Interface Element
As shown in F ig .5.13, the 2D contact elem ent is used to connect 3D elem ents 
as well as layered shell elem ents.
In princip le , the procedure developed for the one— dim ensional contact elem ent 
can be directly  used for the two— dim ensional elem ent, except th a t the  second 
coord inate  rj is em ployed. The coordinates $, and rj form  an orthogonal natural 
coord inate  system .
B o n d -s l ip  Behaviour and Simulation Techniques -123-
F u rth e rm o re , the  differential area dA  is now
dA = d e t  | J  | d£ d 17 ( 5 .2 7 )
w here d e t | J |  is related to the two coordinates. T here fo re , for the two 
dim ensional con tac t e lem ent det | J  | is equal to the real surface area of the 
e lem en t, w hich is obtained from
1 . e
a
ar
a
as
a
at
a x
a?
ax
a s
a x
aF
dy
ar
dy
a s
dy
at
a z
a?
a z
a s
a z
aT
5 .4 .3  E m bedded  B ond E lem ent
( 5 .2 8 )
a
ax
a
dy
a
az .
Fig. 5 .14 shows the em bedded bond elem ent of B alakrishnan and 
M urray tB alakrisknan and M urray 1987] They assumed th a t the bar and elem ent 
sides a re  stra igh t. Bond nodes are added along the em bedded rein fo rcem ent bar. 
T he re in fo rcem ent displacem ent field is then given by
fs “ fc + *^b ( 5 .2 9 a )
w here fc and  fjj are  the displacem ent of the concrete and bond slip at tha t 
point. T hey  are  defined as
f c = u c o s d  + v  s in ( ( 5 .2 9 b )
where u and v are the displacem ents of concrete in x and y direction,
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respectively , and  8 is the tangential angle of the bar a t a particu lar po in t.
P
a n d  f*b -  E Hj Ub j  ( 5 .2 9 c )
j - 1
in w hich H j is the shape function of the em bedded the bond e lem en t, U bj are 
th e  nodal bond displacem ents and p is the num ber of slip nodes along the bar.
T h e  virtual work of the em bedded bond elem ent is given by
w here D b is the bond stress producing unit slip; m is the num ber of bond 
e lem ents in the concrete elem ent; Ap is the contact area p er un it length of 
re in fo rcing  steel; and J s =  [ (d x /d f ) 2 +  ( d y /d f )2 ]^. T he fac to r in the curly
bracket is the  stiffness m atrix for the bond elem ent.
B ecause the bar is straight 8 does not change along the e lem ent, and therefo re  
the re in fo rcem en t strain  can be obtained by
m -1
( 5 .3 0 )
du dv d f b
c o s  8 + s i n 8 +
d r d r d r
3N;
[ ° ]  [ u i
1 dHj1
—  [ c o s 8 s i r \ 8 ]
a r
J s  d S
< u b j >
aNj
[ 0 ]
[ Bc s  Bb s  ] -^v i
k j  J
( 5 . 31)
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w here i =  1 , 2 , q are the to tal num ber of the concrete  nodes; j =  1 , 2 , 
p the  to ta l num ber of the bond nodes; and  Nj are  the shape functions of the 
co n cre te  e lem ent.
T h e  stiffness m atrix for the concrete paren t elem ent is expanded to include 
stiffness coefficients related to the reinforcem ent and bond, the increase in size 
d epend ing  on  the num ber of additional bond nodes. T he expanded stiffness m atrix 
is th en  assem bled into the global stiffness in the standard  m anner.
H ow ever, this will expand the bandwidth significantly when bandw idth solution 
p rocedu res a re  adopted. O n the o ther hand, it will be difficult to use a fron t 
solu tion  technique in the conventional m anner. These disadvantages are  overcom e 
using the  general em bedded bond elem ent derived in the next section.
5.4.4 A G e n e ra l E m bedded Bond E lem ent
T his general form ation follows a procedure sim ilar to that used by B alakrishnan 
and M urray[B alakrishnan and M urray 1987] However the bar elem ent and the 
p a ren t concre te  elem ent are now generally curved finite elem ents.
T h e  d isp lacem ent of steel bar consists of the displacem ents of the concrete and
the bond- slip betw een the two com ponents, as shown in F ig.5.15.
C onsider a point P on the original undeform ed bar. A fter deform ation , the
re in fo rcem en t at this point moves to P s whilst the concrete has moved to P c, a
po in t which lies along the deform ed reinforcing bar. T he distance P c to Ps
represen ts the bond slip fb between concrete and steel during deform ation. The
re in fo rcem en t displacem ent along the deform ed bar is then  given by
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f s  -  f c  + fb  ( 5 .3 2 )
w here fc is th e  concre te  displacem ent in the  d irection  of the  deform ed bar. This 
is ob ta ined  by in terpolating  the nodal displacem ent of the  p aren t concrete  elem ent 
using the  derivation  given in C hapter 4 for the em bedded elem ent when perfect 
bond was assum ed.
L et U b l , U b 2 , . . . ,  U bp be p slip degrees of freedom  of p bond nodes located 
on  th e  re in fo rcem en t w ithin the elem ent. T hen
P
f b -  E H, Ub j  ( 5 .3 3 )
i -1  J J
w here H j a re  the  shape functions used to in terpolate  the  bond slip a t an
arb itra ry  po in t along the bar.
T h e  uniaxial stra in  in the reinforcing steel is then  given by
d fs
e. -------------  ( 5 - 3 4 )
dr
w here r is th e  local direction along the reinforcem ent.
F rom  eqs.(5 .32 ), (5.33) and (5.34), the steel strain  is given by
d fb
<s -  [ B c s ]  {«e > + -------- ( 5 ' 3 5 )
d r
w here [ Bcs ] is a reinforcem ent strain m atrix due to concrete displacem ent 
assum ing full bond and { 5e } is the nodal displacem ents of the concrete elem ent. 
N ote th a t [ B c s ] is identical to [B s ] derived in C hapter 4 (eq .(4 .52)).
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Using eq.(5.33), eq.(5.35) becomes
es  “  [ ®CS ] { ^ e } +
Jo
d H
ar { Ub >
[ B CS 3
3H
ar
5e
u b
“  [ Bc s  Bb s 3 { ub }
w here 5e =  [ vj ]T are  the  nodal displacem ents of the  concrete  
the  local curv ilinear coordinate along the reinforcing bar;
dx  dy  .
a n d  J s “ [ (  —  ) 2 + ( —  ) 2 ]
d r  d r
N ow the  strain  energy in the concrete elem ent is
' C -  4 -  M ‘e>T [Bc]T [Dc1 [B c] {se> dVe
the stra in  energy in the steel bar is
2 J v«
j  0  ^
u j  ^ B c s  B b s  ^   ^ ° s   ^ ^ B ° S B b S  ^ ■ U J  d V
the stra in  energy absorbed by the bond is
- b o n d  - - 4 - r Ub ] T 'b o n d  [Db][Hb] dvb [bb]
s u r f a c e
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( 5 .3 6 )  
e lem en t; £ is
( 5 .3 7 )
( 5 .3 8 )
( 5 .3 9 )
and the work done by the nodal forces {Fe } *s
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F "  -  ( * ' ) T I M
and the work done by "sel f-eqtii 1 i brat i n g  e x t e r n a l  F o r m  p a r r s "  
applled on bond nodes Is
-  -  -  w ht M j
where all terms have been previously defined.
(?i .  4 n )
Minimizing the total potential energy ( it * n * n * n * n )r n ImmhI r yf
.*x
obtain
IK
’
u
bJ tf/
whe r e
Kc t- Ks
^ b s  i
^ h s  i 
^ b s  “ ^b
( 5 . 4 I n )
( 5  . 4 1 M
Kc = / vc [ n c ]T [ Dc ][ Bc ]dve is the concrete stiffness m atrix:
Ks = [ Bcs ]T[ Ds ] [ n cs ] dvs is lhe reinforcem ent stiffness m atrix,
excluding bond effects;
^ b s  = ^vs [ Bbs ]^[ tys ][ Bbs J dvs- and 
Kbsi = /ys t Rc s ]T  [ Ds ] [ Bb s ]  dvs arc stiffness m atrices due to bond
effects;
Kb -  'b ond  [ » h ] T [ Db ]  [ " b J  < K  '■= the m a , r l x -
s u r  Tace
For Kv  and Kb s i , the m atrix [ Ds ] = Fs . the modulus of elasticity for
Steel and dv , = Asdr where \  is the cross-sectional area of the bar, and dr is 
the d ifferential length. dvb = +s dr, where is the perim eter or the reinforcing 
bar.
Expanding the partitioned matrix gives
( K r  > k s ) ■ I *  t Kb s i  %  - { r °} ( V - W n i
and KT -rS" + (K -  K M l  -  tf/
b n  1 h n  b  b  n
( 5 . 4 7 b )
Al. a bond degree of freedom,
f b e  f o r r o  c a n  b o  l r d e r p r o f o d
B o n d - s l lp  Behaviour and S imulation Techniques I 2° -
consisting of two parts
where y^has been defined already, and \fi Is the I n t e r n a l  
self-equlllbratlng bond force representing the action and roarlinn 
between reinforcement and concrete. In Appendices IV and V, 11 bar 
been explained, In which
actually appears on the left hand side of the equation and 
consequently 0 is the only force left on the right hand side. 
In order to maintain compatlbllty at the boundary and only t hr
Internal bond-sllp can be condensed out, and assuming no e x l e r n a i
force pair 0 act on Internal nodes then eq.(5.41) can be r e - a r r a n g e d  
*
to give
Kc+Kg ( ^ b s i)i ( ^ b s t ) p ( K b s i ) m r°
(^bsi )1 ( b^s ~ K|?) i i (^ bs " Kb)>p (K bs " K|-») i m *'b,  ^a i
(Kbsi)p ( ^ b s  ~ pi (K bs ~ K{,)pp (Kf-»s " K|-))pm <'b P  ^ap
(K bs i )m (K bs - Kb) mi (K bs ~ Kb)mp (Kbs “ Kb)mm [ iJbm J [°]
( 5 . 4 3 a )
I . e.
Kcsb Ksbm [ p e
«bi
k p J -
r f e ]
v'ai
iVapJ
Ks bm Ksbmm t ^bm ] [ 0 ]
where m indicates the middle nodes of the bond elem ent. 
[ ^ b m  ] ** hence given by
( *  r  f I v* I Ml
_ I -J-
[»b  m ] “ “ s^bmm ^sbm (5 .44a)
and
6* Fe
^ c s b  " ^sbm ^sbmm ^sbm ] u , - V'at
Up V ap
(5 .44b)
6 e Fe
I . e .  [ ^ r e c  ] U, , -  , V^ a i
Up. ' rap
(5 .44c )
where K Is a general embedded stiffness matrix for the reinforced
rec
concrete element Including bond-slip effects. Notice that In the most, 
normal situations ift and iff would be equal to zero. However, ifi
at ap a
could be applied In computation as an external self-equilibrating 
force pair associated with the slip degree of freedom, but the 
physical Interpretation of doing this needs further clarification (see 
bond examples later).
5.5 Summary
The above described formulation has been implemented into a program used in 
this study. The sequence for each embedded bar element is summarized as 
follows:
1. Calculate Bcs, and Hb.
2. Calculate Ks and assemble into the concrete element.
3. Calculate K ^ ,, and Kb
4. Inverse (K^ -  Kb)mm
. . . . . .  . „  „  - 1  K umT and assemble the resulting matrix at5. Multiply -  Ksbm Ksbmm Ksbm
structural level.
6 . [U bm] is obtained from the element nodal displacements using eq.(5.44a).
This procedure is repeated for all the bars in a concrete element.
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CHAPTER SIX 
NONLINEAR SOLUTION TECHNIQUES
6.1 Introduction
T h e fin ite  e lem ent m ethod has been applied successfully to a wide range of 
linear struc tu ra l problem s, and has been extended to geom etric and m aterial 
nonlinearities. W hile the analysis of linear problem s is relatively straightforw ard, a 
nonlinear analysis is considerably m ore difficult. A crucial factor is th a t the 
non linear p rob lem , in general, requires solving a set of non linear algebraic 
equations, w hich in itself, is a formidable task. In addition, the nonlinear 
problem s encoun tered  in structural mechanics may be path— dependent (e.g . 
plasticity), o r they  m ay possess multiple solutions (e.g . snap—through buckling). A 
typical exam ple is the im perfection sensitivity of certa in  structures which in 
general is d irectly  related  to the postcritical response. T he prediction  of 
postcritical response can be of great value, particularly for structures exhibiting a 
decreasing post— lim it characteristic, such as cracking in reinforced concrete. 
T herefo re , the quest for reliable solutions to nonlinear structural analysis is indeed 
a necessary though difficult task.
In o rd e r to overcom e the difficulties encountered in solving nonlinear algebraic 
equations, a stepwise linearization technique is usually adopted. O f these the 
Newton— R aphson increm ental iteration m ethod is the m ost popular. This 
procedure can be sum m arized as follows:
K( u ) Au  = q -  f ( u )  
= p ( u )
( 6 . 1a )
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w h e re  q i s  a  v e c t o r  o f  t h e  t o t a l  e x t e r n a l  a p p l i e d  f o r c e s .
f ( u ) i s  a  v e c t o r  o f  i n t e r n a l  f o r c e s  w h i c h  i s  t h e  sum o f  
e q u i v a l e n t  n o d a l  f o r c e s  o f  e a c h  e l e m e n t .
Au i s  a  v e c t o r  o f  i n c r e m e n t a l  d e f o r m a t i o n ,  
u  i s  a  v e c t o r  o f  t o t a l  d e f o r m a t i o n .
K( u )  i s  t h e  s t i f f n e s s  m a t r i x ,  w h i c h  i s  a  f u n c t i o n  o f  
d e f o r m a t i o n  s t a t e .
V ? ( u )  i s  r e s i d u a l  f o r c e  v e c t o r .
T his is sketched in F ig .6.1 for a one dim ensional problem . In this p rocedure, 
the increm en ta l d isplacem ent Au for an  increm ent of load Aq is obtained  by
Au = K-1 (u )  Aq ( 6 . 1 b )
T h  residual forces p  are  found using eq .(6.1a). If p  is no t w ithin the
prescribed to lerances, iteration  is required under constant load level q until the 
convergence criteria  are satisfied.
In its conventional form , the stiffness m atrix is changed at every iteration . This 
is quite tim e consum ing and not necessary in many cases. T he m odified 
Newton— Raphson m ethod (F ig .6 .2) does not change the stiffness m atrix  a t each
iteration . Usually one change per increm ent, at the first or second iteration , is
adopted, although schem es exist which allow a change after several iterations. 
While requiring m ore iterations, modified Newton— Raphson is usually m ore
efficient com putationally .
Using load increm ents, the Newton— Raphson m ethod can fail to calculate 
equilibrium  states near to, at the point of, and beyond critical points. In o ther 
words, the convergence of the num erical procedure can be lost within a certain
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neighborhood  of a critical state of equilibrium . How ever, the failure of th e  d irect 
app lica tion  o f the  N ewton— Raphson m ethod does no t necessarily im ply th a t the 
procedure  can  not be used at all. In most engineering problem s, the 
d e te rm in a tio n  of the first critical state of equilibrium  and load corresponding to  it 
is the ob jective of the analysis. W hen this is the case, it is possible to define the 
critical po in t configuration as the equilibrium  state beyond which the convergence 
of the  m ethod  is lost. But, it should be borne in mind tha t an unw elcom e 
increase in com putational effort may result.
In  o rd e r to extend analysis beyond the critical point, d isplacem ent control 
schem es a re  o ften  adopted in m any finite elem ent program s. T his m ethod 
in terchanges the  dependent and independent values in solving the equilibrium  
equations to  avoid the singularity at the critical point, i. e. the displacem ent level 
is kep t constan t while adjusting the load vector. T he sim plest form  of this is to 
im pose a d isplacem ent at a load application point and to calculate the reactive 
forces co rrespond ing  to this displacem ent at the point of application.
A n o th er d isplacem ent control m ethod[^am m  1980] js to take a single
d isp lacem ent com ponent as a controlling param eter during the iterations. But this
requires a p ro p er selection of the controlling param eter. It also fails in some
situations, fo r exam ple in snap— back phenom ena.
T o  provide an efficient iterative perform ance beyond the limit point, 
arc—length  solution m ethods were proposed in the early 1980s, and have been 
increasingly used in nonlinear analysis since then. This m ethod controls the 
iterations in the num erical approxim ation by using restrictions on the loading 
param eter AX to trace equilibrium. These restrictions, known as constrain t
equations, can be a sphere, an updated norm al plane or some o ther alternative 
form. T his iterative technique was independently introduced by R ik s t^ ^ s  1972 and
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1 9 7 9 ], W e m p n e r lW e m p n e r  1971] a n d  W esse ls tW e sse l 1 9 7 7 ] in  th e  1 9 7 0 .s , l ^ ,  i t  
was im p ro v e d  by R am m [Ram m  1980] a n d  C r is f ie ld lC r is f ie ld  1980], w[,0  m ade it 
m uch m ore  suitable for finite elem ent analysis.
In th e  rem ainder of this C hapter, the displacem ent control m ethod is first 
described, a f te r  which the arc— length m ethod will be discussed in detail together 
with line search  techniques. Line searches are m ethods of accelerating  the 
iteration  p ro ced u re  and can be most beneficial for problem s involving sudden 
nonlinearities such as occurs in reinforced concrete with significant strain  softening 
in th e  constitu tive relationships. Both arc— length and line search procedures have 
been im p lem en ted  into the program s developed in this study.
6.2 Starting Point and Notation
T h e  so lu tion  of eq .(6 .1) for nonlinear finite elem ent analysis is based on an 
increm enta l— iterative procedure, i. e. the nonlinear problem  is stepwise linearized 
and the  linearization  erro r is corrected by additional equilibrium  iterations. If 
loading is assum ed to be proportional, a load vector q can be expressed as
q = X q 0 ( 6 . 2 )
where q 0 is a vector of reference loads.
E q .6.1 can  th en  be rew ritten as
K ( u )  Au = Xq0 -  f ( u )  ( 6 . 3 )
W ithin one increm en t from  configuration m to m-*- 1 , the load and displacem ent 
states at positions i and j, before and after an arbitrary  iteration cycle are shown 
in F ig .6 .3 . T h e  total increm ents between positions m and i are denoted by uj, 
qi and Xj while the  changes in a iteration from  i to j are denoted by Auj, Aqj
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and AXj, respectively . Thus
mu = u + u . ( 6 . 4 )
u . = u . + Au . 
J i i
( 6 . 5 )
( 6 . 6 )
X . ■■ X , + AX. 
J i i
( 6 . 7 )
in which the  left superscrip t refers to the 'to ta l ' d isplacem ent o r loading 
configuration , th e  righ t subscript refers to 'in c rem en ta l', while A refers to 
iterative.
This no ta tio n  was devised by Ramm[Ram m l 980] and is illustrated in F ig .6 .3.
T he load level is then  expressed as
In o rd e r to progress from  i to j on a constrained load-  displacem ent path , 
both the load and displacem ent have to change. How ever, increm ental 
d isplacem ent a t i, denoted  5 j ,  is calculated linearly on the basis of the curren t
m ( 6 . 8 )q = q + q ;
( 6 . 9 )
residual force f t  and som e appropriate stiffness m atrix lK  existing at i. This m en 
takes the solution to an  interm ediate point j '  a t the some load level *X =  J X. 
Hence the sta te  at j '  is governed by the equation,
l K  6 . q _ f ( 1u) = 1Xq0 -  f ( * u ) ( 6 . 1 0 )
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In o rd e r to  reach  point j , a load factor AX ,^ defined by Aqj =  AXj q Q, is 
calculated  by som e m eans which allows the iterative equilibrium  equations to  be 
expressed by,
K  Au. = Aq. + * q - f ( * u )
-  Aqf + V  -  AXj q„ + V  ( 6 . 1 1 )
w here f(*u) are  the  in ternal forces and V  are the out—of—balance forces. q 0 is 
the sam e as in eq .(6 .2)
T he  stiffness m atrix  !K at state i takes account of all possible non linear effects. 
It can  change a t every iteration or be occasionally updated as in the m odified 
N ew ton— R aphson m ethod.
T he  singularity  of the stiffness is usually checked by the determ inan t
| D e t ( *K) | = 0  ( 6 . 1 2 )
T his d e te rm inan t can easily be calculated as the product of all diagonal term s 
in the triangularized m atrix during Gaussian elim ination. In the  usual finite 
elem ent com putation , it is very rare to get a zero determ inant. But it is 
necessary to find out w hether or not it is a negative. W hen it is negative, 
unloading should be applied.
Since the linearized erro r is corrected by equilibrium iterations it is necessary 
to check when equilibrium  has been achieved so that iteration can cease. This is 
done by m aking use of convergence criteria. In this study, the following criteria 
are em ployed.
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1 )
\<P{\
  < CF1 ( 6 . 1 3 )
Iqi I
n \ , max
2 ) .  I ^ i  I
I q i  l
3 ) .  I s i^
^  CF2 ( 6 . 1 4 )
^  CF3 ( 6 . 1 5 )
where |y?j | is the norm of the residual forces,
|qj| is the norm of the applied forces,
is the norm of the residual forces at start of an
i ncrement.
and | the maximum component of the residual forces.
C p i , C p 2 and  C p 3 are prescribed tolerances.
T h e  first criteria  ensures that the convergence should be satisfied w ithin a 
reasonable  range. T he second criteria is for the situation where the first m ay not 
be the  best indication of convergence because it represents an 'average ' 
assessm ent of overall equilibrium of the structure. If the m agnitude of the total 
applied  loads is large and the nonlinearity small, the ratios in the first criteria  
would be sm all. O n o ther hand, the reverse situation will produce ratios of large 
values. In o rd e r to guard against these, the final convergence criteria  should be 
applied.
In all convergence checks, the total stresses are used in calculating the 
unbalanced forces in order to avoid the residuals accumulating.
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6.3 Displacement Control Scheme
In o rd e r to  ob tain  convergence at a critical point, a prim ary task of solution 
techniques is to avoid any singularities. Many displacem ent contro l schem es 
a ttem pt to  do this by selecting a single displacem ent com ponent as a controlling 
pa ram ete r and  taking the corresponding loading level as unknown.
If eq .(6 .1 1 ) is reo rdered , so that the prescribed com ponent Au 2j is the last in 
the d isp lacem en t vector Au,, equilibrium can be expressed as
K „  K 12
—2 1 ^22
JF
. Au2 .
-  AX.
' 3 i i ’ £ i
+ ( 6 . 1 6 )
q 2 . . y>2 .
where th e  underline  denotes submatrices or vectors.
T h en  in terchang ing  variables
Ki 1 3.1
k 21 - q 2
Au,
AX *>2
Ki
2 2
Au2 j ( 6 . 1 7 )
In this equation , it is seen that the symmetry and the banded structure of the 
stiffness m atrix  is lost. However, if it is form ed in two parts, a solution can be 
obtained. T h e  first line of the equation gives
*]<,,  A u , i  = AXj 1a ,  + -  % 2 ^u 2i ( 6 . 1 8 )
This is a linear equation in the unknown increm ent of the  load param eter AXj. 
T herefore, the solution can be decomposed into two parts as
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Au , !  -  AXf Aul U  + Aul i n  ( 6 . 1 9 )
corresponding to  the two parts of the right hand side of eq .(6 .18). H ence, both 
solutions a re  o b ta ined  sim ultaneously using two different 'lo a d ' vectors:
' K , , d u , j , -  a , ( 6 . 2 0  a )
% , A u l i n  _  *42 -  i K12Au2i ( 6 . 2 0  b)
Substituting th e  displacem ent increm ent Au,! in eq(6.19) into the second p a rt of 
eq .(6 .17), the  load fac to r AXj can be obtained as
-  * K 2 2 Au2j -  ^ 2 1  Au 1 j i i
AX i -----------------    -^--------------------------  ( 6 . 2 1 )
_ i q 2 +  * — 2 1  A u , j i
Instead of solving an unsym m etrical system equation, the  m odified stiffness
expression eq .(6 .17 ) is analysed for two right hand sides provided th a t 1K 1 1 is
not singular. S ince the displacem ent Au2j is fixed during iterations the underlined
term s in eq s .(6 .20 ) and  (6 .21) are om itted in all further iteration  cycles.
H ow ever, the technique described above requires a m odification of the stiffness 
m atrix ( lK to iK 1 ,) .  Since it is not very likely that the solution will be exactly 
at a singular po in t, the original m atrix *K may still be used and eq .(6 .20) 
replaced by
A un  = q ( 6 . 2 2  a )
( 6 . 2 2  b )
where the underlined  term  in eq.(6.20) is not required to be form ed. Similar to 
eq.(6.19), both solutions are  added together, thus
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A u| = AXj A un  + Aui n  ( 6 . 2 3 )
in which th e  com ponen t Au2j is also included, i. e.
Au 2 | -  AXj Au2 j j + Au 2 j j j ( 6 . 2 4 )
T his, in fac t, is a constra in t equation. In the first iteration cycle, it is used to
determ ine  th e  load factor AX, given by
Au 2 i -  Au2 l I I
A X , -----------------------------  ( 6 . 2 5 a )
A u2 i i
F o r all fu rth e r  cycles Au 2j does not change, i. e. A u 2j is zero , and  AXj is 
given by
~ Au 2 i 11
AXj = -------------------  ( 6 . 2 5 b )
AU2 i I
A pplying the m odified N ewton— Raphson technique, eqs.(6.22) need to be solved 
sim ultaneously. T his additional store for Au2jj is required. Iterations a re  continued 
until all o th e r displacem ent com ponents are adjusted and the new  equilibrium  
position is found.
T he  disp lacem ent control m ethod is usually used only in the neighborhood of 
the critical po in t although it may be applied throughout the en tire  load range. 
Obviously, the m ethod fails when the structure snaps back from  one displacem ent 
level to a lesser level, and some knowledge of the failure mode is desirable for a 
p roper choice of the controlling displacem ent. It might even be necessary to 
change the prescribed displacem ent param eter during the solution. An effective 
m odification is to relate the procedure to a measure including the effect of all 
displacem ents ra th e r than  to a single displacem ent com ponent. H ow ever, the
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arc leng th  m ethod  is m uch m ore effective in solving this type of non linear 
p roblem .
6.4 Arc— length Solution Technique
In co n trast to  the norm al Newton— Raphson procedure under load con tro l, the 
a r c -  length  technique treats the load level as a variable in the governing 
equilibrium  equations to bring the lo ad -d isp lacem en t state from  j '  to j (F ig .6 .3). 
An ex tra  governing equation is then needed to calculate the load factor, AXj.
D ecom posing  eq(6.11) into two parts, it is assumed that:
*K 6j  = q 0
{ K  5 j = V
T h e  iterative and  increm ental displacem ents are given by
Au j = A Xj 6-j- + 5j ( 6 . 2 7 a )
u j  = Uj + Au{T7 ( 6 . 2 7 b )
where -q is an  artificial factor used to accelerate the convergence speed in an 
analysis. T his will be discussed in detail in section 6.5. For the m om ent, it is 
assum ed to  be 1.0  (i. e. the solution is not accelerated).
Since eq .(6 .26) is an n -  dimensional problem , then eq.(6.27) represen ts a 
( n + 1 )  dim ensional problem . In this case, Ai and Auj are of o rder ( n + l )
with th e ir  (n-Hl ) th coordinate set to zero, while AXj is a vector with its (n “*"l)th 
coordinate being AXj and others being zero. Viewing the load— displacem ent space 
in term s of vectors, as shown in Fig.6 .4, then vectors tj and nj are defined as
( 6 . 2 6 a )
( 6 . 2 6 b )
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l i  -  Hi  + h i  ( 6 . 2 8 )
Hi  -  V Au,  + A X, ( 6 . 2 9 )
where Uj is th e  increm ental displacem ent vector in which the ( n + l ) t h  coordinate 
equals ze ro , .Xj is a vector of increm ental load factors with only the (n -M )th  
coord inate no t zero . T herefo re  vector tj is given by
! j  -  l i  + m  j  -  i + 1 ( 6 . 3 0 )
In o rd e r to  find tj , a constraint Rj is placed on t, and  nj, such tha t
Ri -  I j  nj  ( 6 . 3 1 )
Substituting eqs.(6 .27a), (6.28) and (6.29) into eq .(6 .31), the scalar factor AXj is 
determ ined  as
-  Hi Ai Ri 
A X , _______________________( 6 . 3 2 )
T
V Hi i T + M
O bviously, if the constraint expression eq.(6.31) were added into the 
increm ental stiffness m atrix equation, the symmetric and banded structure of the 
matrix would be destroyed, as was the case in the displacem ent controlling 
scheme. T his was the situation in the original arc- length m ethod; however 
Wessels[W essels 1977] realized, using geom etrical considerations, tha t the 
difficulties could be rem oved by a two step technique sim ilar to tha t used to 
improve the  d isp lacem ent control solution procedure.
The con stra in t R, can be chosen in various ways. Two com m on, but effective, 
ones are  updated  norm al plane tracing and spherical tracing.
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6.4.1 Iterating Along an Updated Normal Plane
If th e  ite ra tio n  path  is restricted to a 'p lan e ' norm al to the updated  tangen t tj, 
see F ig .6 .5 , the  scalar product of the tangent tj and vector n j, which contains 
the unknow n load factor AXj, vanishes. Thus
! i  • n ,  = 0 ( 6 . 3 3 )
1 . e .
R,  -  0 ( 6 . 3 4 )
T h e re fo re , eq .(6 .32 ) becom es
T
AHi A j
A X , ------------------------------------- ( 6 . 3 5 )
T
V Hf A + ^i
Instead o f the updated  tangent tj, the 'p lan e ' norm al to the first tangent t ,  
can also be used. In this case the load factor AXj is then  expressed as
T
Ah , _£j
A X , ------------------------------------- ( 6 . 3 6 )
T
V Hi A +
6.4.2 Tracing on a 'Sphere'
Instead of following the updated norm al plane, the s o -  called 'sp h ere ' tracing 
iterates along a sphere  with the centre at m and the radius ds of the initial 
tangent vector vector t , ,  as shown in Fig.6 .6 , i. e.
It, I -  lijl- ... -  II|I -  ds ( 6 . 3 7 )
This restriction is defined by
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l i  i i  - (d s )2 -0  (6.38)
The radius ds is also given by
1 ds 1 = | t_j 1 = 11, + rtj | (6 .3 9 )
Hence
Hi • ( n, + 2 t , } = o (6.40)
Substituting eqs.(6.28) and (6.29) into eq.(6.40), and writing in matrix form 
results in
Trj Au,  ( tj Au, + 2 uj  ) + A X ,  ( AXj + 2 X, ) -  0
(6.41)
in w hich Au, is expressed in eq.(6.27a). Eq.(6.41) then leads to a quadratic
constra in t equation  for the load param eter AXj.
a ( AX) 2 + 2b AXj + c -  0 (6.42)
where
a = 1 + Jij tj2 (6.43a)
b -  X, + t j2 A {  +  V A j  Hi (6.43b)
c = 2rj Hi + V 2 - i i  Ai (6.43c)
E q.(6 .42) generally  has two roots, AXj1 and AXj2, which m eans there  are two 
intersections with the sphere as shown in Fig.6 .7. T herefore, it is necessary to 
select th e  co rrec t one to trace convergence properties and the forw ard structural
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behaviour.
T h e  tw o roo ts  an d  AX[ 2 give tw o values for angle 6 betw een the  previous
tan g en t v ec to r t |  and  th e  new  one tj+  , .  T h e  appropria te  roo t is chosen by
ensuring  a n  acu te  'angle* I ,  i. e .
1-i - i - i+ t
c o s i  — -------------------------  ( 6 . 4 4 )
|JL| I • I t-i+i I
w here tj a n d  |i+  , a re  defined in eqs.(6.28) and (6.30).
U sually , o n e  o f  these roots will give a positive cos# and the o ther negative, so
th a t th e re  should  be no  problem  in choosing the loading factor, AXj, which gives
an  acu te  'angle* B. H ow ever, some situations do exist where both values o f cos# 
are  positive. In  th is case, th e  appropriate  AXj m ay be chosen as the roo t closest 
to  th e  lin e a r  solu tion o f the eq.(6.42) which is
c
^ i . l i n  = ~ (6.45)
b
T his situa tion  happens rarely. But if it is encountered in the solution
procedure , it m ust be dealt with very carefully, because it could m ean th a t there
is som eth ing  w rong such as divergence, violation of the solution etc. A way to 
avoid th is  is to  reduce  the  step length. If this does not help, increasing the
length c a n  b e  tr ied , since reducing the step length is not always on the safe side.
S t e p  L e n g t h  d x
So fa r  it has been assumed tha t the  step length ds is known. F or the initial 
increm ent, som e guessed load factor AX0 can be applied and,  having obtained a 
solution fro m  eq .(6 .2 6 a), the step length is given by
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d s  = A \ 0 J  ( 5^ 6t  ) ( 6 . 4 6 )
which is th en  used in the following iterations. In the constant a r c -  length m ethod 
of R iks/W em pner, this step length ds is held constant in the rest of the
increm ents. In variable step length procedures, the step length ds is adjusted  from  
one in c rem en t to ano ther to account for the d ifferent degree of nonlinearity  
th roughou t th e  load— displacem ent path. This change can be accom plished in 
various ways. T h e  followings are commonly used ones:
d s i -  ( I d / l i - , ) *  d s i - i  ( 6 . 4 7 a )
o r
d s  j = O d / M - i ) ^  ds  i -1 ( 6 . 4 7 b )
where ds}_ , is the increm ental length a t the previous increm ent, 1^  is the 
desired n u m b er o f iterations, usually assumed to be 2 o r 4 and I j_  , is the
num ber o f ite ra tions needed at the ( i - l ) t h  increm ent.
If I j_  , is ze ro , dsj is then chosen as
d s j  = 2 d s j . ,  ( 6 . 4 8 a )
o r
d s j  = 1 . 5  d s j _ 1 ( 6 . 4 8 b )
From  num erica l experience, it is not good enough to just simply use the step 
length ad justm en ts given by eqs.(6.47) and (6.48), because before and after
cracking occurs in a reinforced concrete structure, the nonlinearities are very 
d ifferent. It is b e tte r to set the step length before cracking and to load the
structure very carefully  after cracking using the equations described above.
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6.4.3 Intermediate Process in Arc— length Iteration
As described  in eqs.(6 .10) and (6 .11), before the  final position  j is reached  in
an ite ra tio n , the  load— displacem ent state has to be b rought to the  so— called 
'in te rm ed ia te  point ' ,  j ' .  The procedure is actually  an  iteration  in the 
N ew ton— R aphson m ethod  in load— displacem ent space. H ow ever, in this process 
the reactions a t p rescribed  boundary points are  red istribu ted  in o rd e r to follow the 
non linearities of the  structure . This phenom enon is significant in the non linear 
analysis o f re in fo rced  concrete  structures. F u rth erm o re , w hen the structu re  traces 
the a rc— length  p a th  (along an updated norm al or a sphere  o r o thers) from  j '  to 
j ,  the  reactions in the  load vector are also depen d en t on  the updated  stiffness 
m atrix . If the  stiffness m atrix  is different from  the previous one , the load vector 
needs to  be refo rm ed  in term s of the changes occurring w hen the reference  load 
is added  on to  the  structu re . In particular, the displacem ents corresponding  to the 
reaction  forces need  to be reform ed. This will effect the  final load configuration 
through the  fac to r AXj.
F rom  this po in t of view, the 'p roportiona l' assum ption in eq .(6 .2) can not be 
simply used, we m ust deal with it cautiously th rough an ite ra tion  procedure to 
trace the nonlinearities. In program m ing, when eq .(6 .26b) is em ployed for the 
reactions should be allowed to redistribute in reaching j ' .  F u rth e rm o re , the 
ex ternal force vector in eq .(6 .2) should be reconstructed  w hen using eq .(6 .26a).
Finally, the  ex ternal forces are iterated to obtain
A qj = Aqj + A \ j q 0 ( 6 . 4 9 )
where Aqj' rep resen ts the iterative load vector due to the residual forces
obtained from eq.(6.26b), and q 0 is the iterative load after calculation of 5^.
Nonlinear  S o l u t i o n  Techniques -1 4 8 -
C om puta tional experience has shown tha t, if this in te rm ed ia te  process is 
neg lected  and  eq .(6 .2) is incorpora ted  directly , th e re  will be large d ifference  in 
the  reaction  forces for a slight nonlinearity . Som etim es, this is such tha t 
num erical convergence can not be ob tained , especially in the  n o n lin ear analysis of 
re in fo rced  concre te  structures.
6.4.4 Iteration in the Descending Part of Load— Displacement Space
If tracing  the  descending part of the load—displacem ent space ( i.e . the  stiffness 
m atrix  exhibits a negative determ inan t), nonlinear analysis falls in to  a difficult 
stage. In the increasing p a rt, e ither the tangent o r secant stiffness m atrix  can  be 
used and  usually th ere  is no problem  in obtaining convergence. T h e  only 
significant po in t is tha t the tangent m atrix  usually converges faster th an  the secant 
one. B ut for the  descending part, it is difficult to a find solution if th e  secant 
stiffness m atrix  is adopted  because it is always positive and it is necessary  to  use 
the tan g en t stiffness m atrix  to escape from  this problem  and reach  convergence.
T hese phenom ena for an iteration  is illustrated in Figs.(6 .8 ) and (6 .9 ).
6.5 Line Search Scheme
In eq .(6 .27) the  accelerating  param eter rj was assum ed to  be a constan t 1.0. 
This section will discuss rj in m ore detail, with p articu lar reference  to the  line
search schem e.
Basically, the line search concept a ttem pts to find param eter rj such th a t the
energy $  done by the ou t— off— balance forces on the increm ental d isp lacem ent u j 
is sta tionary  in the d irection 17. The energy $  at iteration j is defined by
$ ( J u )  = $ (  *u)  + [ i2 ( u )  ] du  ( 6 . 5 0 )
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N ow  m inim izing the  energy with respect to  17 and  using eq .(6 .27b) th en
j LduJ j  drjj
s j  (7?i , j  > “  0 ( 6 . 5 1 )
T h e  subscrip t j im plies tha t s j j  is the  jth  estim ate o f th e  in n er products 
ob ta in ed  a t th e  jth  estim ate of ryj j _  , ,  which is 7]\ j
In  prac tica l num erical com putation , eq .(6 .51) is too stric t and  it is p re fe rab le  
to satisfy this equation within som e reasonable bounds, i. e.
a re  the  ou t—of—balance forces a t end of ith  iteration . E q .(6 .52) is illustrated  
in F ig .(6 .10).
N um erical experience has indicated th a t a fairly slack to lerance is a  =  0 .6 . In 
such instances, m any iterations will require no extra residual calculations since the 
first tria l 17, , (norm ally unity unless acceleration  is used) will im m ediately  satisfy 
eq .(6 .5 2 ). H ow ever, if eq.(6.52) is violated, a new scale Tjj 2 m ust be tried  as the 
second a ttem p t to satisfy the equation. T he second estim ate rjj 2 can  be com puted  
in a n u m b er of w a y s t^ esse s^ 1977, B atoz 1979 and Crisfield 1980] p o r sim plicity, 
a linear in terpo la tion  (or extrapolation) through the values s 1 ( 17^ , )  and s 0( t7}>0) is 
usually adop ted , i.e .
I s j ( 1?i , j )  I < 01 I s 0 ( 7i  , 0) I ( 6 . 5 2 )
V i ,  2 ~ s ( V i ,0 ) s 0
V i  , 1 S ( V i  , T ) -  s(TJi f 0) s, - S 0
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-  * i  <pi
T
( v ^ i , 1 ( ^ i , 1 )  ~  v ^ i )
( 6 . 5 3 )
F o r fu rth e r estim ates, the concept is sim ply rep ea ted :
’H j + i
( 6 . 5 4 )
s j  " s o
T h e  follow ing derivation extends the line search  schem e fo r use w ith the  
arc— leng th  m ethod .
Substitu ting  eq .(6 .27a) for Auj and  eq .(6 .10) fo r ^  in to  eq .(6 .51) gives
dd>
* V i
= (A j + AXj 5 ) T ( JX a 0 -  f j  ( 17j ) )
j  T
S j -  0 ( 6 . 5 5 )
H ow ever, as before , eq.(6.52) will be used as a practical substitu te for 
eq .(6 .5 1 ). T h e  in n er product sj is then  calculated a t th e  j th  estim ate o f Sj(i7j j )  
using th e  in ternal force vector, fjCr/j), i. e.
s j  — JX Ai a 0 ~ A i — j , j  + A xi ^ X —t
- & l  X j . j
-  d ,  jx -  d 2 + d 3 AX j Jx -  d 4 AXj ( 6 . 5 6 )
Sim ilarly , s 0( 171 0) is given by
=  ( A j  +  A X j  A  )  ( j x  - S o  — i ^
= JX i l  f l0 + A xi a o " —i AXi A j
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-  JX e ,  + AXj J \  e 3 -  e 2 AXj e 4 ( 8 . 5 7 )
U sing the  in te rpo la tion  (o r extrapolation) of eq .(6 .54 ) a new  scale , is
ob ta ined . Substitu ting eqs.(6 .56) and (6.57) into eq .(6 .54) gives:
•>71 j + 1 e ,  JX + AXj JX e 3 - A X j  e 4 -  « 2
 !--------------------------------------------------------------------------------------------- ( 6 . 5 8 )
r7 i j e 4 AXj -  d 4 AXj + e 2 -  d 2
H aving ob tained  the secant—type in terpolation  of expression eq .(6 .5 8 ), a straight 
forw ard applica tion  to the  arc— length procedure can now  be designed:
—  G iven  rj[  ^ =  1 .0 , Xj is found in the usual m an n er using e ith e r the  quadratic  
equation  o r upda ted  norm al plane constraint.
—  U pdate  the displacem ents and in ternal forces;
—  T h e  inner products sj and s Q can then  be calculated  using equations (6.56) 
and (6 .57). T h e  adequacy of the first rjj^ =  1.0 is checked by eq .(6 .52 );
—  If eq .(6 .52) is not satisfied, this approach  would involve the im m ediate 
application  of eq(6.58) with rjj , =  1.0 to in terpolate  for r]j 2 H ow ever, since
the constra in t equation  used to calculate AXj was satisfied with - q =  1.0 , the 
constra in t equation  will be violated using the coefficients obtained  with ^ , =
1.0. In o th e r words, the straight forward application of eq .(6 .58) leads to a 
scalar t y  2 th a t does not satisfy the constrain t relationship unless the  load level Xj 
is also ad justed . H ence, eqs.(6.58) and the constrain t equations, (6.35) o r (6 .42), 
must be solved sim ultaneously for AXj and rj j 1.
T o com bine the constra in t equations with eq .(6 .58), all equations are used. T he 
scalars involving 6^  and q 0 are calculated once the tangential vector S'p has been
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com puted . T hese a re  then  kept fixed for the rest o f th e  in crem en t. T h e  inner 
products involving fj, _5{, q 0 and are  calculated w hen .6} has been  com puted . 
T hese rem ain  fixed for the rest of the iteration  for 77. T he  scalars d 2 and  d A 
involve th e  in ternal fo rce vector a t the end of the ith  ite ra tion , and  are  therefo re  
re— com puted  each  tim e when the new internal forces a re  calcu lated , which may 
be a num ber of tim es p er iteration  in adopting a line search .
T h e  sim ultaneous solution of eq .(6 .58) with the constra in t equations is achieved 
using a sim ple d irect substitution m ethod. T o  start with, the p rocedure  would use 
the original estim ate for AXj obtained from  the constra in t equations w ith 77 j , =
1.0. T he  in ternal force vector vector f j ^  and app ro p ria te  in n er products would 
then  be com puted  and , if eq .(6 .52) were violated, the calcu lation  would follow 
the steps:
i). Solve eq(6.58) for 77i, 2.
ii). R eplace r/j , with 17^  2 in the constrain t equations and  solve fo r a new  AX
iii). go back to i) if there  is a significant change in the  two tjj.
H ow ever, it should be noted th a t eqs.(6 .56) and (6.58) are  n o t accura te  unless 
JX is the  load level at which fj j was com puted, i. e. at the  d isp lacem ent level
J u  = U j + T 7j j  (_5j + AXj _5y  ^ ( 6 . 5 9 )
T his approxim ation  is due to the assum ption tha t f j j  is in dependen t from  Jx 
and only depends on rji j .  Fortunately , as CrisfiektfCrisfield 1983] dem onstra ted , 
using eq .(6 .58) gives very satisfactory results.
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6.6 A Brief Description of Programming
Based on the m odified N ew ton— R aphson m ethod , the a rc— length  solution 
techn iques, together w ith the line search  schem e, have been  in co rpo ra ted  in to  the  
p rogram  used in this study. This is described in the following flow ch art. T he 
following no ta tion  is used to  denote inner products required  in the  p rocedure .
e
e3 d
d
3
Flow  C h a r t  o f N on linear Solution Schem e:
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O
adjusting the reactions (8.4.3)
c  1 -  C 5 ,  T l j  ,  = l - °  
d  I ■ d  3 , e2 • 6 4
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CHAPTER SEVEN 
FUNDAMENTAL NUMERICAL STUDIES 
OF
MODELLING TECHNIQUES
7.1. Introduction
H aving discussed and im plem ented the finite e lem en t com puta tional 
rep resen ta tion  of re inforced concrete  structures, several exam ples a re  now 
p resen ted  to  assess the m ethods developed. F undam ental num erical studies are 
carried  o u t in this C hap ter whilst the next C hap ter p resen ts applications to  m ore 
realistic re in fo rced  concrete  structures.
T he m ain  purposes of this C hapter are:
1). T o  investigate the capability, effectiveness and reliability o f the  new  proposed 
em bedded re in fo rcem en t m odels, including curved bars.
2). T o  investigate the concrete crack ro tation  approach  and  stra in—decom posed 
crack m odels for skew reinforced concrete panels to see how effective these are 
in tracing changing crack orientations.
3). T o assess arc—length solution and line search techniques in re inforced 
concrete s truc tu re  analysis, in particular when tracing post crack behaviour.
4). To investigate tension stiffening and shear retention laws. A lthough m any 
relationships have been suggested to date, there is still no general ag reem ent of 
the m ost ap p ro p ria te  relationships due to the com plicated m echanism  of such
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effects.
5). T o  assess the  capability of the im plem ented  em bedded  bond—slip m odel and 
the adop ted  non linear bond— slip relationship , and to ob tain  a b e tte r insight into 
the fundam enta l behaviour of bond—slip.
T hese  fundam enta l num erical studies have been undertaken  on a stock of 
relatively sim ple re inforced concrete panels and specim ens. T hey  include: i)
o n e - w a y  reinforced  concrete panels; ii) skew reinforced  concrete  panels; iii) 
biaxially loaded B hide—Collins panels; and iv) p u l l - o u t  tests and tran sfe r tests.
T h e  program  used in these investigations is based on  the original version of 
FE C O N  86[P k^^P s 1986] ^as been m odified to include the  new
rein fo rcem en t m odelling, bond m odelling, tension stiffening, shear transfe r, line 
search and  a rc— length solution techniques, and rotating  and strain  de— com posed 
cracking sim ulation.
7.2 C om parison  o f D iffe ren t E m bedded R ein forcem ent M odels 
Introduction
T he aim  of this section is twofold. O ne is to assess the new  form ulations 
against the  previous one of Phillips and Zienkiewicz. T he capability and reliability 
of the la tte r form ulation  has been proven by quite a num ber of investigations on 
deep beam s, prestressed concrete pressure vessels, etc. T herefo re , it is w orthwhile 
com paring the new  models with the previous one by analysing som e sim ple 
examples. T he second aim is to show the potential use of the new  m odels by 
com paring with the experim ental results of a skew reinforced concrete panel.
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7.2 .1  O n e  W ay R ein forced  Square Panels 
Description o f  the Specimen
Tw o artificial specim ens, 1000mm square with thickness of 100m m , reinforced  
in the x—direction , were analysed (see F ig .7.1). T h e  two specim ens have d ifferen t 
location of re in fo rcem en t. In the first case, the bar distance d is 250m m  from  
the boundary  side while in the second one d equals 200m m . A uniform ly 
d istribu ted  tensile  load and a pure bending m om ent w ere applied as shown. T he 
d ifferen t locations of re inforcem ent were used because the first one can  be 
analysed by all th ree  m odels while the second one will show  any variation  in the  
steel stress due to the change of steel layout. T heoretically  the stresses should be 
the sam e w hatever the  position of steel.
Parameters Studied
V ariation of the steel stress will be investigated with reference to  d ifferen t 
meshes and  the em bedded models. Two meshes are used for the first case w here 
d =  250m m  while four m eshes are used for the second case w here d =  200m m , 
as shown in F ig .7 .2(a) to (f), respectively. T he num bers in each diagram  indicate 
the d iffe ren t em bedded  models studied for each m esh, where I represents 
P h illip s- Z ienkiew icz form ulation, II denotes the orien tated  em bedded straight bar 
form ulation, and III stands for the general em bedded approach . A 3 by 3 Gauss 
integration rule was used. All analyses were linear—elastic.
Materiaj Properties
The following concre te  and steel properties were assumed.
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C o n cre te : E c =  20G Pa, v — 0.15 
S teel: E s =  210G Pa, — 300m m 2
Results
T h e  steel stresses at the middle Gauss point in each  bar a re  listed in T able 
7 .1(a) and 7 .2(b) for the tensile load and bending load respectively. T hese show 
a very sm all but acceptable variation betw een rectangular e lem ents and  distorted  
elem ents. Likewise there  is little d ifference betw een each  fo rm ulation .
F o r the tensile loading, elem ents n earer to the boundary  exhibit slightly h igher 
steel stresses th an  those near to the loading. This is due to the  fact th a t th e re  is 
a d isp lacem ent variation over the width of the panel corresponding  to the 
uniform ly d istribu ted  load. W hen an equal prescribed d isp lacem ent is applied  over 
the w hole w idth, then  all steel stresses w ere identical and equal to  the theore tica l
value (see T ab le  7 .1 (a), mesh b). F or m esh (f) which used 6 d isto rted  elem ents
leading to 4 bar elem ents along the length, the steel stress was m uch m ore
evenly d istribu ted  along the bar, (see T able 7 .1(a), m esh (f)).
U nder bending load, sim ilar observation can be m ade. In addition , the tensile
and com pressive steel stresses in the upper and lower bars respectively were
identical a t a given section, confirm ing the accuracy of each form ulation .
Based on these results, it is concluded th a t all form ulations perform
satisfactorily and hence can be used and evaluated in m ore com plex situations.
7 .2 .2  A  Skew  R einforced  C oncrete Panel
Description o f  the Specimen
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T h e  nex t specim en presen ted  is a rea l re in fo rced  concre te  panel selected  from  
the experim en ta l study conducted  by Scanlon, Phillips and  G reen  in i 988[Scanlon, 
Phillips and  G reen  1988] T h e selected panel was 1000m m  x 550m m  x 100m m  in 
size, re in fo rced  with 10mm $  to rbar in the skew and  transverse d irections. 
R eferring to  shown in F ig .7.3 , the re in fo rcem ent a rran g em en t is defined  by a  =  
71°, Sa  =  33m m , and S j  =  100m m . T h e  panel was sub jec ted  to  one d irectional 
tension load under d isplacem ent control.
Parameters Studied
T h e  in ten tion  of these analyses was to investigate the  behaviour given by 
d ifferen t m esh sizes and differen t em bedded form ulations. Tw o m eshes were 
investigated, see F ig .7 .4 . T he first one is a single e lem en t, 100m m  x 35m m ,
reinforced with one skew bar and two transverse bars. T he  second m esh is also a 
single e lem ent but now  representing  the whole panel with the steel a rrangem ent 
identical to the  experim ental specim en. T he orien ta ted  em bedded  straigh t bar
form ulation (deno ted  M odel I) and the general em bedded bar form ulation (M odel
II) were both studied. Although the analyses were non linear, o th e r m odelling 
aspects were kept as straightforw ard as possible in o rder to reduce the num ber of 
factors which m ight influence the com parisons. Thus cracking was m odeled by the 
fixed crack  approach  with a constant shear re ten tion  factor of 0 .5 . T ension
stiffening was neglected and full bond was assum ed. L inear com pressive behaviour 
was also assum ed. T he m odified N ew ton— R aphson non linear solution procedure 
was used in all cases.
Material Properties
C oncrete: E c =  20G Pa, v =  0.15, ft ' =  2 .63M Pa, fc ' =  41.1M Pa
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S teel: E s =  210G Pa, fs =  546M Pa 
Results
T h e  results a re  shown in Figs.7.5 (a, b, c and d), in which the stra ins in the 
steel and  concre te  are com pared with experim ental results. G enera l trends are 
sim ilar in all cases. Before cracking occurred , all analyses w ere in close 
ag reem en t with the experim ent, indicating tha t both em bedded  form ulations were 
perfo rm ing  satisfactorily  and tha t there  was little m esh sensitivity. A fter cracking, 
results s ta rted  to change. T here  was a slight d ifference in the results of M odel I 
and II fo r the sam e m esh (100m m  x 35mm) but a significant d ifference  in the  
results fo r the two m eshes for M odel II. This can be a ttribu ted  to the bars being 
placed a t the ir exact positions in the 1000mm x 550m m  m esh, w hereas in the 
100m m  x 35m m  m esh the bars extended to  the elem ent edges.
T h e  principal strains in the concrete  (F ig .7 .5(a)) and the principal strains 
angles in the concrete  (F ig .7 .5(b)) predict sim ilar trends to experim en ta l, 
especially the  la tte r. T he strains in the skew bars (F ig .7 .5(c)) are  in good 
ag reem ent with experim en t whilst those in the transverse bars (F ig .7 .5(d)) are  
poor. All analyses overestim ated the ultim ate load.
T he  lack of close agreem ent with experim ent after cracking is due to the 
adopted  m ateria l laws ra th er than the perform ance of the em bedded elem ents as 
such. In experim en t, transverse cracks occurred first, followed by cracks inclined 
at about 35° .  T he fixed crack m odel used in the analysis would not be able to 
follow this behaviour and would produce a stiffer response and higher u ltim ate 
load.
7.3. Skew Reinforced Concrete Panels
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Introduction
In  this section , a full investigation of skew re in fo rced  concre te  panels is 
undertaken . T h e  panels are specim ens N o .2, N o .3 and  N o .9, again taken from  
the ex perim en ta l study carried  out in i 988[Scanlon, Phillips and G reen  1988] 
T hese panels are  in teresting in that they rep resen t d iffe ren t types of fundam ental 
behaviour of a re inforced  concrete elem ent under d irect tension  depending  on the 
o rien ta tion  of the skew reinforcem ent bars. A lthough all aspects of behaviour are 
of in te rest, special a tten tion  is paid to changing crack  o rien tations and  the 
post— crack  response, i. e. the decreasing portion of the  response curves a fte r the 
in itiation  of cracks. In experim ents, it has been seen th a t the  crack  o rien tations 
changed fo r d ifferen t skew panels. A fter the first crack occurred  the second crack 
may opens in an  angle d ifferent from  a right angle. It is there fo re  interesting to 
see if the  stra in— decom posed non— orthogonal crack m odel and ro tating  crack 
model can  follow this behaviour properly.
D ue to the inclination of the steel bar, the reinforcing bars can not effectively 
pick up the  forces from  concrete after crack form ed. T he  structu re  hence exhibits 
high non linearity . A  good solution technique in this type of structu re  analysis is 
therefo re  required .
Specim ens No. 2 and N o.3 were analysed under displacem ent contro l, whilst 
Specim en N o .9 was analysed using arc— length and line search  solution techniques.
Description o f  the Specimen
As shown in F ig .7.3, the panel was a rectangular plane of length L with width 
b and thickness t subjected  to a tensile force T under displacem ent contro l. T he
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panels w ere uniform ly reinforced  with transverse bars p laced  p erpend icu lar to  the 
force T . T h e  skew  bars were placed a t an  angle a  to  th e  transverse bars. Bars 
were spaced a t Sa  and S j  in the skew and the transverse d irections, respectively. 
R ein fo rcem ent consisted of 10mm <i> "T o rb ar" , re inforcing  in both the skew and 
transverse d irections. R einforcem ent details for each panel are  given in T able  7 .2 .
E l e m e n t  D i s c r e t i z a t i o n
T he whole panel for specim ens No. 2 and 3 are  analysed while only a p a rt of 
specim en N o .9 was taken  for the analysis. T he m eshes fo r both  concre te  and 
re in fo rcem en t w ere generated  autom atically using the  m esh genera tion  rou tines, 
and they  a re  show n in F ig .7 .6  for Panel 2 and 3, and  in F ig .7.7 fo r Panel 9.
M a t e r i a l  P r o p e r t i e s
T he p roperties of the re inforcem ent and concrete are  given in T able  7.3 
R e s u l t s
T he results for specim ens N o.2, N o.3 and N o .9 are  given in F igs.7.8 to 
F ig.7.10, respectively, along with experim ental results. These include principal 
strains in the concre te , steel strains and the ro tation  of the principal strain  angle. 
The initial and final crack patterns are given in F ig .7.11 (a), (b) and (c). For 
panel N o .2, concre te  principal strains are given in F ig .7 .8(a) for d ifferen t crack 
models whilst F ig .7 .8(b) and (c) give the results for the strain  decom posed m odel 
using 30° as the  threshold  angle. Panel N o.3 was com puted using the fixed crack 
model and the ro tating  crack model. T he concrete principal strain  and its strain  
angle are  p resen ted  in F ig .7.9 (a) and (b). F ig .7 .9(c) shows the steel strain  versus 
load for the fixed crack m odel. Panel N o.9 was analysed using both the fixed
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and  ro ta tin g  crack  m odels. T he num erical results a re  given in F ig .7 .10 fo r the
p rincipal stra in  in concre te  and the stra in  in steel.
In th e  analysis o f Panel 2, the orthogonal fixed crack , s tra in— decom posed
crack  and  the ro tating  crack models are used. F o r the s tra in — decom posed
co ncep t, the chosen threshold angles are 3 0 ° , 45° and  6 0 ° . In the ro ta ting  crack 
m odel, the  crack is allowed to ro tate  a t every ite ra tion . It is seen th a t while the
fixed crack  approach  overestim ates the  loading capability  the  ro ta ting  crack  m odel
underestim ates it. In the stra in— decom posed crack m odel, the  overestim ation  is 
reduced  with a decrease in the threshold angle, see F ig .7 .8(a). T he  results close 
to the experim en ta l curve if the threshold angle is close to the crack  inclination  
which occurred  in the  experim ent. T herefo re , it is suggested th a t if the  crack
inclination  is known then  the strain— decom posed crack m odel can be a useful 
tool to  p red ic t the u ltim ate load of the structure . If crack d irection  is no t know n, 
which is usually the case, then the fixed m odel can be used to give an  upper
bound whilst the ro tating crack m odel will give a low er bound on the u ltim ate 
load.
T h e  longitudinal and transverse steel strains as well as the principal stra in  angle 
of concre te  are  given in F ig .7 .8(b) and (c) for the threshold  angle of 3 0 ° . The
results a re  in quite good agreem ent with those of the experim ental ones.
F ig .7 .10 show the results for specim en N o.9 using both orthogonal fixed crack 
m odel and  the ro tating  crack m odel, in which the crack is allowed to ro ta te  once 
an increm ent. C onsistent results were achieved including the behaviour o f both 
concrete and  steel. T he solution convergence was obtained w ithin five iterations 
after crack  occurs, indicating that arc— length procedure with line search schem e 
is quite effective m ethod in the nonlinear analysis of re inforced  concrete 
structures.
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T h e  c rack  patte rn s  presented in F ig .7.11 (a), (b) and (c) a re  the  results o f the 
ro ta ting  crack  app roach . These have reasonably p red icted  the o rien ta tio n  of the 
second set of cracks.
7.4. Bhide— Collin's Panel
Inroduction
In th is section , a one— way reinforced concrete  panel subjected  to com bined 
tension and  shear is exam ined. T he panel was selected  from  th e  experim en ta l 
w ork o f B hide—C ollins[® ^^e anc* Collins 1987]  ^ anci designated PB20. T his panel 
is in teresting  because it provides a good test of w hether the various cracking 
m odels can  p roperly  allow for the detrim ental effect o f tensile cracking on  the 
shear capacity . In reinforced concrete design, it is com m on practice to ignore the 
ability of concre te  to resist tension. W hile this assum ption is app ro p ria te  in design 
for bending and axial load, it is less so for shear. In addition , th ere  are  
num erous practical situations in which reinforcem ent concrete  structures are  
subjected  to com bined shear and tension stresses. T he ability of cracked concrete  
to resist shear is even m ore im portan t in such cases, especially if there  is no 
shear re in fo rcem en t. It is, therefore , im portan t to understand the behaviour of 
m em bers w ithout shear reinforcem ent subjected to com bined tension and shear
In the following analyses, a tten tion  is focused on the tension stiffening and 
shear re ten tion  laws since these will have a crucial effect on post— cracking 
behaviour. T he  following tension stiffening laws were exam ined:
i) Sudden d rop  to zero on the initiation of the crack, i.e. no stiffening
h) Yam aguchi and N om ura 's bilinear strain—stress relationship , designated O —P
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iii) Phillips and  Z h an g 's  trilinear stra in—stress re la tion  based on  the frac tu re  
energy  theo ry , designated P - Z  with crack spacing 1 =  10m m  and  15m m
iv) B hide—C ollins tension—stiffening law, used with assum ed crack  angles o f 3 0 ° , 
4 5 ° , 60° and  90° as well as the predicted  angle.
v) V ecchio— Collins equation , designated V— C
All tension  stiffening laws were used in con junction  with a constan t shear 
re ten tio n  fac to r of 0 .5 .
T h e  sh ear re ten tio n  laws exam ined are :
i) co n stan t shear re ten tion  factors of 0 .25, 0.5 and  0.7
ii) M elh o rn 's  sh ear rulefM elhorn 1990] ^  ancj
iii) b ilin ea r  rela tion sh ip sIN H son  1985]
All various shear re ten tion  laws were used in con junction  with the 
Vecchio— C ollins ' tension stiffening law.
In all cases the  fixed cracking m odel was used.
Description of the Specimen
T he test panel was an 890 mm square reinforced concrete e lem ent with a 
thickness of 70 m m  as shown in F ig .7.12. It was reinforced with 6m m  d iam eter 
deform ed re in fo rcem en t bars arranged in two layers parallel to the sides of the 
panel, and spaced at 44.5 mm centres as shown in F ig .7.13. A clear cover of 6 
mm was provided betw een the faces of the panel and the outm ost layer of 
reinforcing steel. T he  specim en was subjected to the com bined tension and shear 
stresses under loading contro l, the proportion  of tension to shear stress being 2.04
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to 1 .0  th roughou t the  loading history 
Element D iscretization
Since the specim en was designed to be in a uniform  sta te  of stress only one 
eight— noded  parabolic plane stress elem ent was used, w ith n ine in tegra tion  points. 
T he m eshes for concrete  and re inforcem ent are  show n in F ig .7 .14 . T he 
re in fo rcem en t was m odelled as one— dim ensional uniaxial m em bers by the  general 
em bedded  bar m odel. Perfect bond is assum ed betw een  re in fo rcem en t and 
concre te . Solutions w ere obtained using the m odified N ew ton— R aphson  schem e 
under load con tro l.
M aterial Properties
T h e  co n cre te  p roperties are: 
f c ' = 2 1 . 7MPa 
Ec = 20CPa 
T he  re in fo rcem en t p roperties are: 
f s -  424MPa
Es = 210C Pa
Results
T ensile  stress versus strain  in the concrete, m easured in the x—direction  are
plotted with the  experim ental curve in F ig .7 .15(a), (b) and  (c). It is c lear from
these curves th a t tension stiffening has m ore influence than  shear re ten tion  on 
behaviour. T he tension stiffening laws in F ig .7 .15(a), all of which con tained  e ither 
sudden drops or very steep softening curves, did not follow the experim ental 
curve very closely. T he tension stiffening laws presen ted  in F ig .7 .15(b) all had
f t  = 2 . 56MPa 
r  -  0 . 1 5
ps  = 0 . 0 2 1 9 5
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curved  softening branches and gave a m uch closer p red ic tion  to  ex p erim en t except 
w hen th e  assum ed crack  angle was a t 90° to  the  re in fo rcem en t. F rom  these 
curves, it would seem  justified to recom m end the  use of e ith e r the
V ecchio— Collins law, which is com putationally  less com plex , o r the  B hide— Collins 
law in con junction  with the crack angle predicted  by cracking m odel. T h e  la tter
suffers from  the crack and the m ain re in fo rcem ent d irec tion , which could be
awkward in m ore general situations.
F rom  F ig .7 .15(c), it can be seen th a t there  is very little p ractical difference 
betw een the d ifferen t shear re ten tion  laws in this case, excep t th a t the  small 
constan t |3 fac to r =  0.25 is less stiff. In view of this, it would seem  reasonable 
to recom m end  a constan t 0 factor of 0.5 which is com m only  used by o ther 
analysts, o r the M elhorn law which takes into account the am ount of
re in fo rcem en t crossing a crack, which could be im po rtan t in m ore general 
situations.
It would be em phasized, of course, th a t these conclusions are  re levan t only to 
the fixed crack m odel. A m ore com prehensive study is required  if m ore general 
guidelines are  to be draw n regarding o ther stress states o r cracking m odels.
7.5 B ond—slip M odelling T echniques
Inroduction
In this section , the  main purpose is to exam ine the em bedded bond—slip 
form ulation  and  study the fundam ental b o n d -  slip concepts. In addition , various 
b o n d -  slip relationships will be investigated. A square o n e -  way reinforced 
concrete panel as well as p u ll-  out tests and a transfer test will be analysed. In 
these analyses, b o n d -s l ip  was assumed for all the re in fo rcem ent bars of the
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specim en.
7.5.1 Square Panel With One-Way Reinforcement
T h e  square o n e-w ay  reinforced panel studied previously in section 7.2.1 is used 
again here  to study the bond-slip  effects using the bond form ulation  in 
con junction  with general em bedded bar form ulation. T he  panel is show n in 
F ig .7 .1 , sub jected  to a uniform ly d istributed tensile load of 1 .0  N /m m 2. It is 
recalled  th a t the  concrete modulus E c was 20 G Pa whilst for steel E s was 
210G Pa.
T he  steel strain  distribution is p lotted in F ig .7 .16(a), for d ifferen t bo n d -slip  
m odulii using m esh of F ig .7 .2(a). T he assum ed bond modulii were 210 .0G Pa, 
21 .0G P a, 210.0M Pa and O.OMPa. T he  steel strain  calculated w ithout b o n d-slip  is 
also given. It was shown that a change in bond m odulus causes an  change in
steel stra in . W hen the bond modulus is the sam e as the steel m odulus
(E s=210G Pa) the strain  is identical to tha t given by the perfect bond form ulation . 
W hen the bond m odulus is small com pared to the steel m odulus (1/1000 of E s) 
the steel strain  decreases abruptly  from  the m iddle to the e ither side and the 
steel was therefo re  de-ac tiva ted . For E^=21 O.OMPa, the concrete  defo rm ation , 
bond-slip  and steel deform ation were also given in F ig .7 .16(b), in which the  steel
was relatively moved back from concrete edge in a consistent m anner as shown in
F ig .7 .16(a) for the sam e bond modulus.
F u rth e r study the variation of the steel strain distribution, m esh in F ig .7 .16(c) 
were used. T h e  results in F ig .7 .16(d) were satisfactory.
H ence, the proposed bond form ulation is capable of taking bond-slip  
phenom ena into account in a consistent m anner.
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In addition , half of this panel (1000m m  x 500m m ) with loading on bond-slip  
degree of freedom  was analysed using one elem ent. Load and boundary  conditions 
were show n in F ig .7 .16(e and f). N um erical results w ere given as well. D ue to 
the bond force, the concrete  com presses from  its original position while the
reinforcem ent extends. The reaction forces were self-equ ilib rating  along the 
boundary side, which is expected since the applied bond force is se lf-equilib rating . 
This analysis is som ew hat artifical because it is not c lear th a t such an  extenal 
bond force system is physically possible. However, it would be a useful analytical
* d e v ic e *  for certa in  types of problem s and should be investigated fu rther in o rd er
to obtain  a rational in terp re ta tion .
7.5.2 Pull-out Tests
Analyses of p u ll-o u t tests taken from  the experim ental work of Jiang , Shah 
and A n d o n ia n P 'an 8> Shah and A ndonian 1984] are presented  in this section. T he 
specim en consists o f a rectangular concrete block and two re inforcem ent bars 
em bedded in opposite sides of the cross-section , see F ig .7 .17(a). T he bars were
standard 19mm diam eter bars split into two halves. Tensile loads were applied 
directly to the bars. The purpose of the analyses was to com pare d ifferent 
bond-slip  laws against experim ental data using the general em bedded bar e lem ent 
form ulation.
Two specim ens A1 and A2, 127mm long, were analysed using a 6 elem ent 
mesh (F ig .7 .17(b)) for one quarter of the specim en. T able 7.4 lists o ther 
dimensions and m aterial properties. T he force is assumed to be transferred  from  
reinforcing bar to concrete .
In all analyses, orthogonal fixed crack model was used with V ecchio-C ollins
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tension stiffening law and constant shear re ten tion  factor of 0 .5 . T h e  solution 
were ob ta ined  using m odified N ew ton-R aphson  m ethod.
F ig .7 .18(a), (b) and  (c) present steel strain  d istribution  fo r specim en A1 using 
bo n d -slip  relations i) constan t = 21000M Pa, ii) H o ude 's  equation , and  iii) 
m onotonic relationsh ip . All exhibit good agreem ent with experim en tal results 
initially and  up to the failure load. W hile the constan t bond m odulus 
underestim ate  the  steel strain , ii) and iii) using bond stress-slip  law are  m ore
consistent with the experim ental strains except near the end  o f the specim en. In 
general, how ever, the com parison are  good given the coarse m esh used. A  finer 
m esh, especially  n ear the specim en end would allow m ore concen tra ted  cracking 
and hence decrease the force transfer from steel to concrete , increasing the steel 
strains. C rack form ulation  for specim en A1 is p lotted in F ig .7.19
F ig .7 .18(d) presents local slip along the bar for specim en A2 using H oude 's
bond law. Again good agreem ent is obtained at low load with g rea te r d iscrepancy 
at h igher loads near the  specim en end.
7.5.3 Transfer Test
In this section , an  anchorage transfer test was m odelled using a specim en tested
experim entally  by R ehm  et al[R ehm « M artin and M uller 1968 -^ T he specim en was
2000mm x 2000m m  x 2000mm and contained a curved re inforcem ent bar with a
diam eter of 12m m . T he specim en was also analysed by M elhorn and Keuser in
1985 using con tac t elem ents to m odel the bond-slip  effect. T he dim ensions and 
m aterial p roperties are  shown in Fig. 7.20 along with the experim ental and
previous num erical strains in the reinforcing bar. This specim en was chosen as
being particu larly  suitable for testing the em bedded bond form ulation when a 
curved bar was presen t.
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T h e  m eshes for this study are  shown in F ig .7.21 for both  concre te  and  
rein fo rcem ent. H oude 's  bond stress-slip  law was adop ted  along with the  fixed 
crack m odel and V ecchio-C ollins tension stiffening with a constan t shear re ten tion  
factor o f 0 .5 . A N ew ton-R aphson  solution procedure was used under load contro l.
T h e  analytical results for the steel strain  d istribution a re  given in F ig .7.22. T he 
general trends are  consistent with the results of the experim en t and those of the  
previous analysis. H ow ever, due to  a lack of detailed  experim enta l and  analytical 
inform ation from  the previous study, it is no t possible to com m ent on the 
accuracy of the results. N evertheless, the analysis indicates th a t the  curved 
em bedded bar form ulation with bond slip effects perform s satisfactorily.
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CHAPTER EIGHT 
APPLICATIONS TO REINFORCED CONCRETE 
DEEP BEAMS AND BEAM- COLUMN JUNCTIONS
8.1 Introduction
In this C h ap ter, application to som e reinforced concre te  structu res a re  m ade. In 
p articu la r, two perforated  deep beam s and two beam — colum n junctions w ere 
analysed. T hese exam ples were selected because they  exhibited  various features 
w hich w ould test the potential and capability  of the em bedded  re in fo rcem en t, 
bond m odels and crack m odels in m ore realistic situations. In all the  following 
analyses, a uniaxial elastic— plastic law with linear work hardening  was used fo r 
steel. M axim um  principal stress criterion  was em ployed fo r detecting  initial crack 
fo rm ation .
8.2 Perforated Deep Beams
In this section, two deep beams with openings are  p resen ted . T he  num erical 
investigation was carried  out for two reasons. Firstly, the deep beam  is one of 
the m ost frequently  em ployed m em bers in m odern construction having useful 
applications in a variety of structures, for instance, departm en ta l stores, hotels, 
m unicipal buildings and so on. However, the behaviour of such m em bers is still 
not fully understood , particularly if they contain  web openings. Indeed , perfo ra ted  
deep  beam s are  still not yet covered by m ajor design codes of p ractice . It is well 
known th a t stress concentrations exist a t the co rner of openings, which obviously 
effect the  lo a d in g - carrying capability. It is of interest to see if the behaviour can 
be im proved by arranging skew reinforcem ent at the corner.
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Secondly , in e ither experim ental o r eng ineering  design, regions a round  the  
supports  and loading points are  usually provided w ith m ore  dense re in fo rcem en t in
o rd e r to  con ta in  the high load stresses and  bursting stresses. T hese regions can  be
streng thened  in finite elem ent analysis by using a h igher concre te  com pressive 
streng th . H ow ever, the scale of the increase is usually m ade by assum ption and 
by analytical experience. T here  is no ra tional ap p ro ach  to define how  m uch the 
increase needs to be. T he am ount of increase for concre te  com pressive strength  is 
crucial if the supports control the failure m ode of the  struc tu re  toge ther with the 
yielding of steel. In this study, the general em bedded  bar m odel has been used to 
take the  dense rein fo rcem ent into account.
8 .2 .1  B eam  O ne
Specimen and Dimensions
T h e  selected  specim en was B3 taken from  the experim enta l study conducted by 
M em on in 1 982 t^ - H. M em on 1982] j ^ e  beam  had an  overall dep th  of
1000m m , thickness of 100mm and span length of 950m m , giving span to depth  
ratios of 0 .95. It was perforated  by a cen tra l rectangu lar opening. Two
sym m etrical increasing point loads were applied  on the  top  surface until failure 
o ccu rred . D etails and dim ensions of the beam  are  shown in F ig .8.1 in which
x1 = 400 (mm) h1 = 400 (mm)
x2 = 625 (mm) h2 = 300 (mm)
D - 1000 (mm) L - 950 (mm)
Shear span to dep th  ratio  a/D  =  0.32
C lear shear span to depth  ratio x/D  =  0.22
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T h e  arran g em en t of re inforcem ent is shown in  F ig .8 .2 . =  0.1 E s is
assum ed.
M a t e r i a l  P r o p e r t i e s
C o n c re te :
fcu =  38.2  N /m m 2 fc ' =  29.8 N /m m 2
ft =  2.85 N /m m 2 E c =  22.92 k N /m m 2
Steel p roperties  a re  given in T able 8.1 and is assum ed 0.1 E s .
T he  adop ted  solution schem e was New ton— R aphson m ethod  under d isp lacem ent 
con tro l. T h e  ro tating  crack m odel was used with B hide—C ollins ' tension  stiffening 
law and  M elh o rn 's  shear re ten tion  m odel. Full bond was assum ed.
M e s h e s  f o r  C o n c r e t e  a n d  R e i n f o r c e m e n t
D ue to  the sym m etry of the structure and loading, only half o f the beam  was 
analysed. F or concre te , one mesh is used for all analyses but th ree  d ifferen t 
re in fo rcem en t m eshes were considered shown in F ig .8 .3 . T he first one simply 
m odels the  longitudinal steel bars, local reinforcing at the  loading and  support 
points being ignored. T he second one is exactly sim ilar to the experim en ta l layout 
of the bars. In the  th ird  m esh, two additional inclined 10m m  4> steel bars are 
included in to  the second reinforcem ent m esh at the co rn er of the opening. T he 
th ree  m eshes are  denoted  by I, II and III.
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Results
N um erical results a re  given in F ig .8 .4  to  F ig .8 .7  a long w ith experim en ta l ones. 
F o r m esh II (i. e. re in fo rced  supports), good co rre la tio n  has been  ob tained  for 
load— deflection , steel strains in the  bars above the  o p en in g , as well as the  crack 
p a tte rn s . F inal failure was caused by crushing of co n cre te  u n d er th e  load, a fter 
y ielding in the  m ain re in fo rcem ent.
F o r the  two o th e r m eshes (I and  III) it can  be seen th a t:
i) If th e  loading points and  the supports are  no t re in fo rced  w ith dense steel 
bars, fa ilu re  is caused by crushing of concre te  in this reg ion . Also the  steel stra in  
increases a t ea rlie r stage (F ig .8.5) due to the m ore rap id  deflection  developm ent 
(F ig .8 .4 ). T h ere fo re , un—reinforced  supports can  significantly  effect the  loading 
capacity  of the  struc tu re  and  hence the local re in fo rcem en t needs to  be taken  
in to  accoun t in o rd er to m odel the p ro p er force tran sfe r in this region. T his is 
easily accom plished using the em bedded fo rm ulation  w ithout having to reso rt to  a 
finer co n cre te  m esh in this region.
ii) F o r m esh III w here a skew bar is located a t each co rn e r of the  opening , at 
failure the concre te  crushed at the loading points and also in the top co rn e r of 
the ho le . T he  top skew bar also preven ted  som e cracking in this region. F rom  
the  load—deflection curve and crack p a tte rn , it can  be seen the skew bars do not 
change overall structu ral behaviour very m uch, th ere  being a sm all increase in 
streng th  o f less than  4 % .  This is because the failure of the struc tu re  is not 
con tro lled  by the stress concentrations around  the co rn er of the  opening . T his is
no t too unexpected  because the opening only slightly in te rru p ts  the  p rim ary  load
paths in the beam  betw een the load points and supports.
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8 .2 .2  B eam  Tw o 
S p e c i m e n  a n d  D i m e n s i o n s
T his exam ple was taken from  the ex perim en ta l study  of K haskheli [K haskheli 
1989] T h e dim ensions and the re in fo rcem en t a rran g em en t are  show n in F ig .8.8
and  F ig .8.9 .
T h is beam  was designed and  tested  to  check  the  applicab ility  o f th e  "d irect 
design" p ro c e d u re t^ has^ ie ^  1989] when  web openings in te rru p t th e  load p a th  in 
th e  sh ea r spans. F o r the finite e lem en t analysis, it was the  aim  to  exam ine the 
capab ility  of the  proposed  m odelling techniques in such engineering  structu res.
T h e  specim en is a single— span p e rfo ra ted  deep  beam  with two openings of
500m m  x 500m m  each in size. O ne was located  below  the  m id— d ep th  o f the  
beam  in one shear span , and an o th e r one was above the  m id— dep th  of the 
g irder in the o th e r shear span. Tw o sym m etrical p o in t loads w ere app lied  o n  the 
top  su rface  until failure occurred .
S p an /d ep th  ratio  L /D  =  1.40 
S h ear— sp an /d ep th  ratio  a /D  =  0.40 
C lear— sh ear span /d ep th  ratio  X/D =  0.35
G ird er d ep th  D =  2000.0 mm 
G ird e r span  L =  2800.0 mm 
G ird er th ickness b =  100.0
M a t e r i a l  P r o p e r t i e s
Concrete:
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fcu =57.0 N/mm2 fc' - 37.8 N/mm2
ft = 3.1 N/mm2 Ec = 21.1 kN/mm2
H igh yield deform ed  bars of 6m m , 8m m  and  10m m  d iam ete r w ere used fo r the 
longitud inal and  transverse re in fo rcem ent in the  ex p erim en t. T h e ir  p ro p erties  are
given in T ab le  8 .2 .
A rc— length  with line search schem e was used. C racking  was sim ulated  by a 
fixed crack  app roach  with Bhide—C ollins' tension  stiffen ing  law , and  M elh o rn 's
sh ea r re ten tio n  m ethod . Full bond was assum ed.
E l e m e n t  D i s c r e t i z a t i o n
T h e  whole specim en was discretized in the  analysis. T h e  concre te  and
re in fo rcem en t m eshes a re  shown in F ig .8 .10 . Tw o re in fo rcem en t m eshes were
used, designated  I and II. T he first m esh is the  sam e as the  experim en ta l layout, 
whilst the  second included extra 10m m  $  diagonal bars in th e  co rners o f the  
openings.
In F ig .8 .11 , the load—deflection curves are  given for both  ex perim en t and  
co m p u ta tio n . F o r m esh I the com parison is very satisfactory  up to the  failure 
stage. T h e  num erical u ltim ate load is 1023 KN while the  experim enta l one  was 
ju st less than  1000 KN. T he  addition of skew  bars increased  the u ltim ate  load by 
about 9 % .
R e s u l t s
The comparison of the experimental and theoretical steel strain are shown in
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Fig. 8 .12 fo r the  first th ree  longitudinal steel bars a t th e  bo ttom  of the  span. T he 
num erical results a re  satisfactory up to the  d ev e lo p m en t of crack ing , a fte r which
it gives a stiffer response than  the  exp erim en t. T o  a ce rta in  ex ten t this can  be
attrib u ted  to  the ra th e r  coarse m esh, w hich does no t allow  sufficien t force transfer
around  the opening. Also, it may be due to the fact th a t full bond was assum ed. 
T he  ra th e r  extensive cracking netw ork would suggest th a t bond  had  d e te rio ra ted  in 
certa in  regions. H ow ever, in general, the  num erica l p red ic tio n  of steel strains
follows the  co rrec t trends.
T h e  crack  p a tte rns as well as the  m axim um  stress con tou rs a re  p resen ted  in
F ig .8.13 fo r loading levels 400 KN, 700 KN and  1000 KN, in w hich th e  crack 
patte rn s  a re  com pared  with the experim en ta l ones. A p art from  a few  cracks 
occurring  n ear the supports on e ither side of the  beam , good ag reem en t has been 
ob ta ined . T his slight d ifference is a ttribu ted  to th e  sim ply supported  boundary 
conditions being p laced a t the co rn er nodes of the  c o rn e r e lem en t ra th e r than  
spread  over 200m m  from  the side as in the ex p erim en t.
T h e  addition  of skew bars in the  co rn e r of the  openings had a g reater
influence on behaviour than  in the previous beam . T his is because the  openings 
are  in the  shear span and will influence the force flow  from  the load point to 
support. F ig .8 .12(a) shows that although the skew bars are  con tribu ting  to the 
structu ra l resistance, they are  som e way from  yielding a t fa ilu re . (T h e  yield strain  
for 10m m  4) bar was 2350 m icrostrain). T he results o f these two analyses suggest
th a t a p aram etric  study of d ifferen t re in fo rcem en t a rran g em en ts  a round  the
openings would help  in identifying m ethods of s treng then ing  beam s with 
perfo ra tions.
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8 .3  B eam —C olum n  Ju n c tio n  in  P o rta l F ram e
In this exam ple , a single— bay porta l fram e is analysed. T h is stru c tu re  was 
experim en ta lly  tested  by S troband  and K olpa[^ tro ^anc  ^ anc* K olpa 1983] ancj has 
also been  num erically  analysed by van M iertvan M ier 1987] P articu la r a tten tio n  is 
given to the construction  detail a t the  beam  — colum n conn ec tio n . T he  behaviour 
o f this s truc tu ra l jo in t is in teresting  because in this kind of s tru c tu re  it is 
com m only  assum ed th a t the  jo in t is as s trong  as the  connec ted  m em bers. 
H ow ever, in ce rta in  cases, the streng th  of the jo in t m ay be low er. In  addition , 
th e  curved  co rn er re in fo rcem en t bar is difficult to  m odel using conventional 
re in fo rcem en t m odelling techniques. In this section , the  effec t o f such a curved 
b ar is investigated.
In th e  experim en ta l investigation, it was found th a t the  first crack  in this kind 
o f s tru c tu re  usually occurs in the m id— span  region of the beam  and  in the 
colum n. O nly  a t a m ore advanced stage does inclined flexible cracking occur in 
the  co rn e r. T he  developm ent of the  splitting cracks m ainly depends on  the radius 
o f the  curved re in fo rcem en t bar in the  jo in t.
D e s c r i p t i o n  o f  t h e  P r o b l e m
D im ensions and  re in fo rcem ent of the porta l fram e are  show n in F ig .8.14. 
T h e re  is no variation of the cross— section area of the  beam  and  the  colum n. 
T he  fram e was loaded in accordance with the conditions of a four— p o in t bending 
test u n d er loading contro l as shown in F ig .8 .15(a), which causes a negative 
bending m om ent in the jo in t betw een the beam  and  the colum n (see 
F ig .8 .15(b)).
M a t e r i a l  P r o p e r t i e s
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C o n cre te :
f c ’ = 3 7 .8  N/mm2 v -  0 .1 5
f t -  2 .4 2  N/mm2 Ec  = 2 .7  KN/mm2
Steel:
E s =  210.0 K N /m m 2
E h =  0 .1 E S
fsy  =  350.0  K N /m m 2 (fo r $6)
fsy =  282.0  K N /m m 2 (fo r $12)
fSy  =  300.0 K N /m m 2 (fo r $14)
T h e  solution was obtained  using th e  a rc— length  m ethod  w ith line search  
schem e. T he  ro tating  crack m odel was used with V ecchio— C ollins ' tension 
stiffening law and M elhorn 's  shear re ten tion  m odel. Full bond betw een  concre te  
and  re in fo rcem en t was assum ed.
E l e m e n t  D i s c r e t i z a t i o n
As show n in F ig .8.16, one m esh is used for co n cre te  while two m eshes are  
exam ined  fo r the  rein fo rcem ent. T h e  first has stra igh t bars in the  co rn e r and  the 
o th e r has a curved bar in the corner.
R e s u l t s
In F ig .8 .17 , load—deflection is com pared  with the num erical results o f van 
M iertvan M ier 1987] ^  where little significant d ifference is observed. F o r the
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stra igh t bar m odel, the  ultim ate load was 28K N  w hereas th e re  was only  a slight
increase fo r th e  curved bar a t 29KN. T h e  e x p erim en ta l value was given as 28KN
also. U n fo rtu n a te ly , no experim en ta l load— deflec tion  curve was rep o rted .
F ig .8.18 exam ines the co rner re in fo rcem en t in m ore  detail by com paring  the
stra in  response of the  curved app rox im ation  and  th e  stra ig h t sim plification.
F o r th e  stra igh t bar, the steel stresses on  e ith e r side of the  co rn e r d iagonal are  
very sim ilar until failure is app ro ach ed , w hen the  stress in the  vertical bar
increases m ore  rapidly , reflecting the ex tra  h o rizon ta l crack ing  th a t occurs in the 
co lum n n ea r th e  junction . F or the curved  bar th e  stresses a t the  sam e points 
have increased  com pared  to the  stra igh t bar, bu t show  a sim ilar tren d ; how ever
the p o in t a t the  cen tre  of the curve is now  also carry ing  a substantial stress. This 
suggests th a t the  junction  is s treng thened  because th e  curved bar picks up the
stresses re leased  by the diagonal cracking in the  co n cre te .
T h e  m axim um  principal stress con to u r is show n along with van M ier's  results 
in F ig .8 .19 and  20 for linear stage and  failure stage, respectively. T h e  general
trends a re  sim ilar with som e differences in stress occurring  in the  co rn er fo r the 
stra igh t bar m odel and curved bar m odel, indicating th a t the curved bar is
absorbing m ore tensile stress from  the concre te .
F ig .8.21 com pares the crack pa tte rn  with th a t o f van M ier a t loading level 8.0 
KN while F ig .8.22 gives com parison of the  results o f p resen t study, van M ier' 
study and  S troband—K olpa 's experim en tal results.
A t loading level 8.0 KN, the cracking p a tte rn s  ag ree quite well with the 
experim en ta l crack  p a tte rn . At the final stage, satisfactory  agreem ent has also 
been ob ta ined . T h ere  is a slight d ifference of crack  p a tte rn s  betw een the curved
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b ar m odel and  the  stra igh t bar m odel, indicating  th a t th e  curved  bar has slightly 
stren g th en ed  th e  co rn e r and effected  its local fa ilu re  m ode. T h e  num erical results 
ind icated  crush ing  in the  re— en tran t co rn e r of th e  ju n c tio n , but th a t failure was
actually  caused by flexure in the  m ain beam  a t a la te r load.
T h e  final defo rm ed  m esh is given in F ig .8 .23 , w here it can  be seen th a t m ost 
deflection  occurs in the  m iddle of the  beam , the beam  being m ore flexible than  
the  co lum n. Also the  crack  developm ent a t the  ju n c tio n  has allow ed the  beam  to 
ro ta te  m ore  a t its ends.
8.4 Beam— column Joint
A beam —colum n jo in t tested experim entally  by A l lw o o d [ ^ wooc* 1980], was 
selected  to  study the influence of bond— slip and  its m odelling. T his type of
struc tu re  is o f in terest because of the  variation  of stresses in the  beam  continuity
bars as the  bars pass th rough  the colum ns, particu larly  wide colum ns, and  how 
this is e ffec ted  by bond— slip. M odern Codes of P ractice  allow  the bending 
m om ent a t the  face of the colum n to be used for design calculations bu t, w here 
the colum n width is large com pared  to the  beam  spans, such a bending m om ent 
can be substantially  less than  the value at the cen tre  o f the  colum n.
D i m e n s i o n s  a n d  R e i n f o r c i n g  D e t a i l s
T h e  analysis p resen ted  here  investigated the stress d istribu tion  o f th e  steel bars 
in the beam —colum n jo in t. F ig .8.24 shows the d im ension  and  re in fo rcem ent 
details of the  experim en ta l specim en. D ue to the sym m etry  of the  s tru c tu re , only 
one half has been analysed. B ond— slip was assum ed fo r the longitudinal 
re in fo rcem en ts of the beam . T he concrete  and  re in fo rcem en t m eshes are  given in 
F ig .8.25.
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M a t e r i a l  P r o p e r t i e s
C oncre te  com pressive streng th  fcu =  56.0M Pa a t 28 days. In  th is analysis, the 
follow ing p roperties were assum ed: E c =  20G P a, ft =  2 .0M P a, v — 0 .15 ; and 
E s =  210G Pa, (Ty =  600M Pa for h igh yield 4m m  $  b a r, cry =  500M Pa for 
12m m  $  bar, E ^  =  0.1 E s
H o u d e 's  bond slip law was used in this analysis. T h e  fixed crack  m odel was 
used fo r concre te  in con junction  w ith V ecchio—C ollin s ' ten sion  stiffening law  and 
M e lh o rn 's  shear re ten tion  law. Solutions w ere o b ta in ed  using th e  arc—length 
m ethod  with line search .
R e s u l t s
Figs.8 .26(a) and (b) show  the com puta tional results fo r steel stresses using 
p erfec t bond and bond— slip, respectively. F o r p e rfec t bond the analysis 
u nderestim ated  the experim ental steel stresses a t all load levels whilst th e re  was 
very close ag reem ent w hen bond— slip was allow ed for. T h e  peak  stress occurred  
m ore tow ards the beam  in the num erical analysis, and  w ere abou t 15% higher in 
m agnitude near failure. T he predicted  ultim ate loads w ere overestim ated  but 
w ithin reasonable bounds: with full bond the failure load was 2 5 .OKN, with 
bond— slip 22.5K N  w hereas the experim ental load was rep o rted  to be 20KN.
8.5  C oncluding  R em arks
In this C hap ter, applications of the m odelling techniques to two p e rfo ra ted  deep 
beam s, a portal fram e and sym m etrical beam — colum n ju n c tio n  have been m ade. 
F rom  the  deflection curves, steel strain  curves, crack p a tte rn s  and  stress contours,
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it has been  seen th a t the general em bedded  fin ite  e lem en t re in fo rcem en t 
m odelling p rocedure  is reasonably  accu ra te  and  po ten tia lly  very useful. It also 
allows param etric  studies to be convenien tly  u n d ertak en  to study th e  influence of 
re in fo rcem en t because additional bars can  be included  w ithout the need  for 
rem eshing  the analytical m odel. T he  bond m odelling techn ique also proved useful 
in studying bond— slip effects and  was able to dem o n stra te  its influence very 
clearly .
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CHAPTER NINE 
CONCLUSIONS 
9.1 General Points
T his  study has been concerned  w ith the  n o n linear fin ite  e lem en t m odelling of 
re in fo rced  concre te  structures. T h ree  p rim ary  aspects o f num erical app rox im ation  
have been  studied: re in fo rcem en t m odelling techniques, m ateria l behav iour and  
n o n lin ea r solution  techniques. In  particu la r, the  follow ing areas have been  
exam in ed  in detail: crack m odelling, including shear re ten tio n  and  tension
stiffen ing , em bedded re in fo rcem ent m odelling , bond slip m odelling , bond 
stress— slip relationships and a rc— length  and line search  solution schem es. 
A tten tio n  was lim ited to 2— dim ension idealizations.
A  stock of num erical exam ples has been analysed, including both  those 
exam in ing  fundam ental behaviour as well as applications to m ore realistic 
eng ineering  structures. F o r the fundam enta l investigations, the  selected  specim ens 
w ere m ainly  reinforced  concrete  panels under well— defined  states of stress and  
bond specim ens. T he engineering structu res included perfo ra ted  deep  beam s and  
beam — colum n junctions.
F o r these classes of problem , the results of the  developed num erical p rocedures 
w ere satisfactory , m ost being in good ag reem en t with experim en ta l da ta .
9 .2  F u n d am en ta l Study
1. T w o  e m b e d d e d  r e in fo r cem en t  fo rm u la t io n s  an d  o n e  e m b e d d e d  b o n d — slip m o d e l  
h a ve  b e e n  d e v e lo p e d  and im p le m e n te d ,  le ad in g  to a g en era l  m o d e l  for  e m b e d d e d
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re in fo rcem en t w ith bond— slip effects. All these m odels have perfo rm ed  well in 
app lica tion . T h e  general re in fo rcem en t m odel is p a rticu la rly  useful because it 
allows the m ain  concre te  finite e lem ent m esh and  th e  re in fo rcem en t m esh to  be 
developed quite independently .
2. F o r the  bond— slip bond m odelling, a general fo rm u la tion  was developed and 
studied . T h e  m odel is effective in taking bond— slip effects in to  account. T he 
bond stress— slip re lationships used in this study a re  good enough to ob ta in  results 
consisten t w ith experim en ta l ones. F o r m any stru c tu res , a constan t bond m odulus 
is sufficien t to app rox im ate  general bond— slip effec ts. If th e  constan t m odulus is 
of the  sam e m agnitude scale as the elastic m odulus o f steel, the  bond is alm ost 
p erfec t.
3. C rack ing  behaviour was m odeled using a sm eared  app rox im ation . In particu lar, 
fixed cracking m odel, stra in— decom posed cracking  m odel and  ro tating  cracking 
m odels w ere exam ined  and com pared .
T h e  ro ta ting  crack m odel allows the crack  to  ro ta te  continuously  whilst in the 
fixed crack  m odels the new  crack d irection  can only  ap p ea r in the  d irection  of 
p redefined  th resho ld  angles.
If cracks form  a t d ifferen t orien tations during th e  loading process, the swinging 
app roach  gives a lower bound on the loading capacity  o f the  struc tu re  whilst the 
fixed o rthogonal m odel gives an upper bound. T h e  stra in  decom posed approach  
predicts a value betw een these two bounds, depend ing  on the threshold  angles 
adopted . F or structures where crack d irections do no t change very m uch, the 
fixed crack  m odel is sufficiently accurate for p red icting  loading behaviour.
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T h e  stra in  decom posed  and  swinging crack  m odels requ ire  substantially  m ore 
com puta tional e ffo rt th an  the fixed o rthogonal crack  m odel, and  should only be 
selected  w hen the  c ircum stances justify a m ore accu ra te  ap p ro ach .
4. A num ber of shear re ten tio n  and  tension stiffening p ost— cracking m odels were 
exam ined . O n  the basis of the exam ples analysed in this study, the 
V ecchio— C ollins!V ecchio and  Collins 1985] an j  B hide—C o llin s[® ^^e an^  Collins 
1987] equations a re  recom m ended  for tension stiffening while M ehlhorn 's  
fo rm ula tion[M ehlhorn  1990] is recom m ended for shear re ten tio n .
5. Solution schem es exam ined  in this study were th e  N ew ton— R aphson m ethod  
and a rc— length  and  line search  schem es. All these w ere effective under load 
con tro l up to peak  loads. H ow ever, the  a rc— length  and  line search , being the 
m ost soph isticated , was particu larly  effective in tracing  post— cracking behaviour.
9.3 Application to Reinforced Concrete Structures
In this study, the m odelling techniques have been used to analyse perfo ra ted
deep beam s and  beam — colum n junctions. In all analyses, the  deflection curves,
steel stra in  curves, m axim um  stress contours as well as crack  pa tte rns generally 
showed satisfactory  agreem en t with e ither experim enta l results, o r the num erical
pred ictions of o th e r  researchers. T he general em bedded  re in fo rcem en t m odelling 
p rocedure proved very useful in discretising structures in w hich the re in fo rcem ent 
layout was com plex. It m ade the inclusion of ex tra  re in fo rcem en t bars into an 
existing m esh very convenien t. It has also been shown th a t bond— slip effect can
be taken into accoun t in application  w ithout great difficulty.
1. T he analysis of p erfo ra ted  deep beam s indicates th a t the  addition  of skew bars 
around an opening influenced behaviour if the opening was in the  load path , by
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restra in ing  local failure in the  vicinity of the  open ing  and  h en ce  im proving the 
u ltim ate  capacity . T he  im portance  of p roperly  m odelling the  re in fo rcem en t near 
load and  support points, in o rd er to p reven t p rem atu re  local fa ilu re , was also 
d em onstra ted .
2. Analysis of the beam — colum n junc tion  d em onstra ted  th a t in ce rta in  situations 
w here bond— slip effects a re  significant, the steel stresses are  significantly 
in fluenced  by the  bond slip sim ulation . Assum ing pe rfec t bond underestim ated  the 
steel stress, whilst allowing for bond— slip p roduced  b e tte r ag reem en t with 
experim en ta l results, and reduced  the  p red icted  load carry ing  capacity  of the 
junction .
9.4 Suggestion for Further Research
1. Since re in fo rcem en t in cracked  concre te  struc tu res is usually sub jec ted  to  dowel 
action , fu rth er research  is needed  to inco rpo ra te  this effect in to  the  em bedded 
rep resen ta tion  of the  steel bar. In such situations, the re in fo rc ing  steel will no 
longer be regarded  as a slender uniaxial e lem en t but as a beam  e lem en t.
2. T h e  em bedded re in fo rcem ent fo rm ulation  should be investigated fo r use in 
p red icting  the behaviour of prestressed concre te  struc tu res. T he  fact th a t curved 
bars o r cables can be readily  accom m odated  m akes the em bedded  form ulation  
po ten tia lly  pow erful for these structures.
3. T h e  cracking m odels and re in fo rcem en t m odels should be exam ined  under 
rep ea ted  and cyclic loading regim es. T he  m echanism s involved are  substantially  
m ore com plicated  and would provide a severe test of the p roposed  m odels.
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4. An obvious development is to extend the formulations proposed in this study 
to three dimensional structures.
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A PPE N D IC E S
Appendix I
B a s i c  P r o c e d u r e  o f  F i n i t e  E l e m e n t  M e t h o d
Based on  hom ogeneous, continuous and  isotropic assum ptions, the  e lem ent 
stiffness m atrix  fo r an  individual fin ite  e lem ent can  be d e te rm in ed  using an  
energy  princip le , such as the  princip le  of virtual w ork o r to ta l po ten tia l energy. 
T h e  general p rocedure  is given by
i) F o r any structu re  o r an  e lem en t, the in ternal d isplacem ents {5}  a t any  poin t 
w ith in  th e  system  can  be expressed in term s of the  nodal displacem ents {5 e } by 
m eans of assum ed disp lacem ent functions [ N ] ,  i. e.
{6}  = [ N ]  { 5 e } ( 1 . 1 )
in w hich [ N ]  is a set o f in terpo la tion  function  te rm ed  "shape functions". I t is 
used to  approx im ate  the true  d isplacem ent behaviour of the  e lem en t in  the 
con tinuum , based on  Laplace in terpolation .
ii) Taking p ro p er derivatives of e q .( I . l ) ,  the  stra in—disp lacem ent rela tionsh ip  is 
th en  established as
0 }  -  [ B ]  { « e > ( 1 . 2 )
w here [ B ] is the so— called stra in  m atrix . It is generally  com posed of derivatives 
of the  shape functions.
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iii) Select an  ap p ro p ria te  stress— strain  re lationsh ip  fo r th e  e lem en t m ateria l, i.e .
{ * }  - [ » ] { « >  0 - 3 )
w here [ D  ] is the  constitutive relationship  m atrix  of the  e lem en t.
iv) Substitu te  eq.(1.2) into eq.(1.3) to  ob tain  th e  stress— disp lacem ent re la tion , i. e.
<*} -  [ ° ]  [ B ]  {«e> ( I - * )
v) P rovided  th a t the  e lem ent shape functions have been  in te rp o la ted  p ro p erly  so 
th a t no  singularities exist in the  in tegrands of the  functions, th e  to ta l po ten tia l 
energy  o f the  continuum  will be the  sum  of th e  energy  contribu tions of the 
individual e lem ents, i. e.
7T = I x e ( 1 . 5 )
e
w here xe rep resen ts the  to ta l po ten tia l energy o f e lem en t e , w hich can  be 
rew ritten  as
1
x e  [ Se ]T f v e  [ B ]T [ D ] [ B ] [ 5e ] dv
2
-  [ * e ]T f v e  t N ]T (P> d v  " [ 8 & ]T  f s e  [ N ] T {q> d s  ( 1 . 6 )
w here ve is the  e lem ent volum e; se is the loaded e lem ent surface; p is the  body 
forces p er un it volum e and q is the applied  surface forces.
vi) Perform ing  the m inim ization for e lem ent e with respect to th e  nodal
d isp la cem en ts  (<5e )  for the e le m e n t, g ives
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-  / v .  [ B ] T [ D ]  [ B ]  { 5 } e  d v
*[«•]
-  { i v e  [ n ]T ( P>  d v  + / s e  [ n ]T W  d s  }
= Ke {5 * }  -  Fe ( 1 . 7 )
w here
Ke =  / ve [ B ]T [ D ] [ B ] dv is th e  stiffness m atrix  of th e  elem ent,
and
F e =  / ve [ N dv ■+■ / se [ N ]T ( q )  ds is th e  equivalent nodal
forces fo r th e  e lem ent.
G enera lly , th e  in tegration  indicated  in K e m ust be carried  ou t num erically  
w ithin th e  e lem en t.
vii) O n ce  the  e lem ent stiffness m atrices have been  calculated  and  transfo rm ed  
from  local to  global coord inate  system , the  structu ra l stiffness m atrix  K can 
th en  be form ed by the  system atic addition  o f e lem en t stiffness m atrices, i. e.
[ K ]  { 5 }  -  {F} ( 1 . 8 )
w here {F } is the  known ex ternal nodal forces and  {5} is the  unknow n nodal 
d isp lacem ents ob tained  by solving eq .(1.8).
viii) H aving w orked out the nodal d isp lacem ents, the  e lem en t stresses w ithin each 
elem en t a re  given by
W  “ [ D] [B] {5e} ( 1 . 9 )
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ix) O th e r  subsidiary e lem en t quantities can  also be ob ta ined  in a sim ilar m anner.
In  fin ite  e lem en t analysis, the  isoparam etric  e lem en t is com m only adop ted , i. e. 
the  shape function  used to define the variation of d isp lacem ents are  th e  sam e as 
those functions used to define the m apping rela tionsh ip  betw een  global C artesian  
coord inates and  th e  local curvilinear co— ord inates. T his study m akes use of the  
eight node isoparam etric  e lem ents for two dim ensional p rob lem  and  th e  [ N ] 
m atrix  of such an  e lem en t is given by
N{ 0
0 Nj
( i  = 1 t o  8 )[ N ]  -
w here Nj is a parabolic  shape function . F o r co rn e r nodes
( I . 10)
Ni (1  + £ q ) ( 1  + rJ o ) ( ^ o  + *7o -  1 ) ( I . 1 1 a )
w here £0  =  $ and  tj0  =  77 rj[.
F o r m iddle nodes
and
N j  (1 - $ 2) ( 1  + 770 ) ( i f  = 0 . 0 )  ( I . l i b )
2
(1  + SQ) ( 1  -  772 ) ( i f  Tji -  0 . 0 ) ( 1 . 1 1 c )
T h e n , th e  displacem ents w ithin an  elem ent is defined  by
u ’ u i
= [N ]
. V  .
• v i  •
( i = 1  t o  8) (1.12)
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w here uj and  vj a re  th e  nodal coord inates.
T h e  geom etry  is defined  by
X x i
-  [N ]
■ y  ■ ■ y i  •
w here xj and  yj a re  the  nodal coord inates of the  e lem en t.
T h e  stra in  a t a po in t in an  e lem en t is given by
ex  ' d u /d x
{ O  = €y ' - 3 v /d y
■ ^ x y . d u / d y  + d v /3 x  .
w here [ B  ] =  [ B , , • • •, B 8 ] and
[  B i  < 5 , 7 / )  ]
d N j / 3 x  0 
0 d N j / d y  
3 N j / d y  8 N j / 3 x
Since the  shape function  is expressed in a local 
transfo rm ation  is required  from  local to global. T h is is ; 
betw een cartesian  and curvilinear derivatives, given by
d /8 x - l a / a f  '
‘ - [ J ]
a / a y  . a /a r7  .
w here [ J  ] is the Jaco b ian  m atrix  given by
d x / d £  a y /$
[ J ]
( 1 . 1 3 )
-  [ B K « e >
( 1 . 1 5 )
curv ilinear system , a 
well— know n relation
( 1 . 1 6 )
( I . 1 7 a )
d x / d r j  dy / b y ]
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In the  local system , this [ J ]  m atrix  is given by
dN/a£ X
. dN/dr j  . • y ■
H aving ob tained  th e  [ B ] m atrix  and  [ J  ] m atrix , th e  stiffness m atrix  in 
eq.(1.7) can  be w orked ou t over th e  e lem en t volum e in th e  local coord inate  
system , in  w hich
In  th is study , th e  G auss— L egendre q uad ra tu re  rules have been  used to  carried  
ou t th is in teg ration .
Appendix II
Stress Invariants
T h e  th ree  principal stress invariants I lf J 2 and  J 3 a re  o ften  used in  form ulating 
various crite ria  of failure for concre te  m ateria l. T hese a re  given by
1 1
f v e  d v  “  /  /  d e t  1J  | d $ d t\
-1 -1
( 1 . 1 8 )
I a-i + <r2 + a 3 ( I I . l a )
1
+ ( a 2 -  + (0 ‘s -  ( i i . i b )
6
( I I . l c )
w here 1 ^  J 2 and  J 3 are  the first, second and  th ird  stress invarian ts; 
(T[ is the principal stress;
Sj is the deviatoric stress, representing a state of pure shear,
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sj =  cTi — croct and  (70Ct =  1 / 3  are  the  m ean  norm al stress or 
o c tahed ra l norm al stress.
T h e  o c tah ed ra l norm al stress acts on a p lane w hich has equal angles w ith each  
o f th e  p rincipal stress d irections. T he  p lane is defined  as an  o c tahed ra l p lane.
Its co rrespond ing  norm al stra in  is given by
1
eOCt ”  ( C1 C 2  ^3)
3
T h e  sh ea r stress on  the  octahedra l p lane is given by
To c t  = 7 ( 2 J 2/ 3 )  ( I I . 3)
w here r o c t is the  octahedra l shear stress.
T h e  correspond ing  octahedral shear s tra in  reads
2
y  [ ( 6 1 -  6 2 ) 2 + ^ 3 ) + ( f 3 -  €1 >]^ ( I I . 4)
3
D etailed  derivations are  given in [C hen 1982].
A p p en d ix  III 
D a m a g e  R u l e
U n d er m onotonic loading, the bond resistance of a defo rm ed  bar depends 
p rim arily  on  the  strength  of the "concrete  key", i.e . th e  concre te  betw een the 
steel lugs. A fter the dam aged area exceeds the  lug spacing, th e re  is only friction
to  p ro v id e  bon d  resistan ce . T h e  fr ic tio n a l resista n ce  m u st be d e v e lo p e d  as th e
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concre te  key is being dam aged. As show n in F ig .III .1 , it is assum ed th a t the
dam age occurs in a linear fashion and is divided in to  a "s treng th  com ponen t"  and 
a "fric tional com ponen t" .
T h e  streng th  com ponen t depends on the  to ta l dam age and  the loss of the  
streng th  does no t depend  on w hether the  dam age is all in one  d irection  o r is 
com posed of slip com ponen ts in each d irection . T h e  d e te rio ra tio n  of the  frictional 
bond  stress can  be de te rm ined  by assum ing th a t the  fric tional bond  stress reduces 
from  th e  frictional bond stress of the  previous cycle (suggested to  be about
18% [P o ch an art and  H arm on  1989]^ assum ing no new  fric tional resistance 
developed during the cycle under the slip contro l.
Appendix IV
E q u i l i b r i u m  B e t w e e n  C o n c r e t e  a n d  R e i n f o r c e m e n t
As show n in F ig .IV .1, the  force acting  on  the  bond  by re in fo rcem en t F sb is
the sam e in m agnitude as the force F bs acting  on the  re in fo rcem en t by the  bond
a t an  a rb itra ry  po in t P,  i. e.
Fs b  -  F b s O V - D
w h e r e
dHb 5e
Fsb = / O s ]  d v s
v e dr • ub .
-  f v  [ Bb  f  [ Ds ] [ Bs  Bb ] d v s
v s
Fbs  = / b o n d f HbJ ^  [ Db ] [ Hbj  ] d v b[ ubj  ]
s u r f a c e
5e
Uu
( I V . 2)
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CIV.3)
where I is the length of the bar.
Substituting eqs.(IV.2) and (IV.3) into eq .(IV .l) gives
Kbsi «e + (Kbs -  Kb ) • Ub -  0 ( I V . 4)
where
^bs = -^ vs [ ®bs ]^[ Ds ][ ^bs ] dvs» and 
Kbs i = J"vs [ Bcs ]T [ Ds ][ ®bs ] dvs are st‘^ ness matrices due to bond 
effects;
Kb = ^bond [ Hb ] T [ Db ] [ Hb ] dvb i s  the bond s t i f f n e s s  matr ix .
Appendix V
Explicit Force Equilibrium Condition o f  Reinforcement with Bondslio
In em bedded  re in fo rcem en t m odel with b ond-slip , the equivalen t re in fo rcem ent 
force is given by
I^sc -6e
“ ^vs [ ®cs ®bs [ ^s ] [ ^ c s  ®bs ] dv ( V . l )
Fsb ub.
where [ B cs B^s ] is the stra in  m atrix  of steel given by eq (5 .36 ), 
[ D s ] is the constitutive relationship  matrix.
This equivalent force consists of two parts Fsc and Fs5 - T he  fo rm er is the
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embedded reinforcement force produced by its movement together with concrete. 
The latter is due to bond-slip. In other words, Fsb should by equilibrated by 
bond force Fb :
Fb *  «<b Ub ( V .2 )
Therefore
i . e .
Fsb  — / v s  B^bs Ds Bc s  5e dv + / v s  BFbs Ds Bbs Ub dv
* b u b
6e 1
u b
= KbUb[ ^ b > s  i ^ b s  ] 
where Kb, 1 and are defined in eq.(5.41)
For the whole element, it hence gives
( V . 3 )
(V . 4)
■ Kc + Ks ^bs i Fe Fe
KTb s, f^c>s KbUb . f b
(V. 5 )
As mentioned above, Fb is a bond force rather than an applied external force 
of structure, and hence can not be increased/decreased incrementally in 
computation. It is only dependent on the particular mechanical state at a given 
region.
In compuation, Fb can be kept at right hand side of the equilibrium equation. 
But this makes calculation tedious and invalidates the standard finite element 
solution procedure. In order to overcome this difficulty, Fb was shifted to left 
hand side of the equation while maintaining the equilibrium condition of the
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structure through the assembly strategy of the element stiffness matrix at structural 
level, which leads to eq.(5.41) and (5.42).
Bond Stress
A n a ly tic a l M odal
Friction M odal
S
Fig.III.1 Strength Model and Frictional Model
Fig.IV.1 Equilibrium Between Reinforcement and Concrete
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